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Summary. — A study has been made of the A Auger transitions in the 
light elements of nuclear emulsions. Of 382 stopping pu -mesons, 
1016 were observed to decay. 5 of these had associated short-range 
electrons whose energies were consistent with the A transitions of CNO. 
2 of these 5 are attributed to the Æ Auger transitions of CNO, while the 
remaining 3 are attributed to higher Auger transitions in AgBr. ‘These 
results are to be compared with the calculations of Burbidge and de Borde 
which predict 1.3 Æ Auger electrons from CNO for this experiment. 
These experimental results are inconsistent with the assumption that the 
missing K radiative transitions in the experiment of Stearns and Stearns 
are due to competing Auger processes, since this would require 294 ob- 
served K electrons as compared to the 2 actually observed. The experimen- 
tal results quoted here are in agreement with an earlier experiment of Fry. 


The mechanisms involved in the cascade of u-mesons from an initial atomic 
state to the ground state have been studied in a number of ways. The rela- 
tively long life-time (1?) for decay of the u-meson, together with the weak 
interaction for nuclear capture (2%), implies that only atomic phenomena are 


(*) This research was supported in part by the Office of Scientific Research, A.R.D.C. 
of the United States Air Force. 

2) W. E. Bere and E. P: Hincks: Phys. Rev., 84, 1243 (1951). 

(2) J. C. Sens: Phys. Rev., 113, 679 (1959). 

(yates Ki LICH: Phys. Rev., 74, 1337 (1948). 
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involved (**). The transition probabilities for Auger and radiative transitions 
have been calculated by DE BorDE (7) and BURBIDGE and DE BORDE (8), from 
which one can deduce the radiative yield by assuming a particular initial state 
distribution. A number of experiments have been carried out to ascertain 
the radiative yield in ligh elements where the Auger effect may be important. 
The work of STEARNS and STEARNS (#1?) especially has indicated a decreasing 
radiative yield with decreasing atomic number. Since then RUDERMANN (as) 
and FERRELL (14) have indicated that the early predictions of BURBIDGE and 
DE BORDE are essentially correct and that a serious discrepancy exists, since 
theoretical expectation indicates a very small Auger yield in the light elements. 
This work was therefore undertaken to ascertain the Auger yield for the 
u-mesic cascade in the light elements that exist in emulsions. 

The Auger effect in nuclear emulsions exposed to w-mesons has been studied 
previously by various workers (1:17). The purpose of the present study was 
to search specifically for the Auger electrons associated with the Æ transitions 
in the light elements. The nuclear emulsion is well adapted for this by reason 
of its composition. 

The two groups of elements present in the emulsion, the HCNO group 
and the AgBr group, are sharply separated in mass and atomic number. The 
lowest « Bohr » orbits of the u--level system of the heavier element group lie 
so close to the nucleus (°) that in spite of the low cross-section for interaction 
of the u with nuclear matter, all but approximately 4.5 percent of the ps 
trapped in this group are captured by the nucleus (°°). The remainder decay 
into electrons. In the lighter elements, however, the orbits lie so far outside 
the nucleus that the majority decay. This means that most of those us 
which show a decay electron at the end of their tracks have been captured 
by the HCNO group and have cascaded to the lower mesonic levels. Further, 


) E. FERMI and E. TELLER: Phys. Rev., 72, 399 (1947). 
) A. S. WIGHTMAN: Phys. Rev., 77, 521 (1950). 
) D. West: Reports on Progress in Physics, 21, 271 (1958). 
) A] He DE BORDER Proce Phys. Soc AlGT, 07) (1954): 
) G. E. BurgipGe and A. H. DE BorDE: Phys. Rev., 89, 189 (1953). 
®) M. B. Stearns and M. STEARNS: Phys. Rev., 105, 1573 (1957). 
) T. Day and P. Morrison: Phys. Rev., 107, 912 (1957). 
) N. KraLL and E. GERJIUOY: Phys. Rev. Lett., 8, 142 (1959). 
) J. BERNSTEIN and Ta-You Wu: Phys. Rev. Lett., 2, 404 (1959). 
) M. A. RUDERMAN: X-ray yields from u-mesonic atoms (preprin). 
) R. A. FERRELL: Phys. Rev. Lett., 4, 425 (1960). 
(15) M: G. E. Cosyns, C. C. Ditwortn, G. P. S. OccHIALINI, M. ScHorNBERG and 
P. PAGE: Proc. Phys. Soc., A 62, 801 (1949). 
(16) W. F. Fry: Phys. Rev., 79, 893 (1950); 83, 594 (1951); 85, 676 (1952); Nuovo 
Cimento, 10, 490 (1953). 
(1?) C. FRANZINETTI: Phil. Mag., 41, 86 (1950). 
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it is believed that the (proton-u-) complex, arising from capture of the po 
by hydrogen, diffuses through the material for a sufficiently long time to re- 
sult in capture of the u- by a heavier element (11°). Effectively, then, no 
decay takes place in the hydrogen. 

Column 3 of Table I gives the distribution, as derived below, of 3382 stop- 
ping p--mesons amongst the various elements of the emulsion. Column 4 
then lists the number expected to decay in each element as obtained from 
column 3, using the observed lifetimes of reference (?). The result is then cor- 
rected for geometrical efficiency of detection to give, in column 5, the distri- 
bution of the experimentally observed 1016 u--decay in this experiment. If 


TABLE I. 


bal 2 See Tei 6 7 8 
. | Speculated | 
3 'Calcal 1 Expected | dist mod Calculated 
| Energ Calculated Calculatec ana n ì , | no. of Ob 
= atomic u | no. of uo | gite opsery ec i = 
Ele- | of K, | 1 . | observed | Radiative Auger served K 
|ment line | cap que | È ecayine | decays yield (°) Le _ |electrons 
Les | distribu- | in each : electrons 
(keV) (2) | k 1 in each omen from 
tion element | element 9\ | theory (7) 
| | umn 6 (°) | 
AE bem À aa d | 4c" Pe 
| | | 
Ag — 988 40 | 31 
Br = 988 49 | 39 - | = 
| © 6:00 738 679 | 535 | 0.60 +0.04 214 | .892 
| N 104.3 | 169 146 |. 0.82207 20 .169 
a) 136.2 | 499 | So 289 | 0.804 .05 60 .220 
3382 | 1290 | 1016 | 294 1.281 


(a) Calculated on the basis of a point nucleus. 

(b) The data of references (*), SENS, and (22), SENS, SWANSON, TELEGDI and YOVANOVITCH 
were used to correct both for absorptions in CNO and y-decay in AgBr. 

A geometrical factor for dip angle bias is applied here to the actual number, 1016, of 
u- observed to decay. 


it is presumed that the missing A-level photons in the Stearns and Stearns 
experiment are all due to Auger competition, then the expected number of 
Auger electrons accompanying these decays in emulsion is given in column 7. 


(18) L. W. ALVAREZ, H. BRADNER, F. S. CRAWOFRD jr., J. A. CRAWFORD, P. FALK- 
VAIRANT, M. L. Goon, J. D. Gow, A. H. ROSENFELD, F. T. Socmirz, M. L. STEVENSON, 
H. K. TicHo and R. D. Tripp: Phys. Rev., 105, 1727 (1957). 

(19) A. ASHMORE, R. NORDHAGEN, K. StrAUcH and B. M. Townes: Proc. Phys. 


Soc. 71, 161 (1958). 
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Column 8 lists the corresponding number of Auger electrons based on the 
Burbidge and de Borde calculations. 

This experiment used 600 um Ilford G-5 plates exposed to the »--beam 
at the University of Chicago synchrocyclotron. The plates were scanned under 
275 magnification with all events checked under 1250. Mesons stopping 
closer than 10 um to either surface were not included in the experiment. 

A total of 3497 meson endings were finally accepted for the study. Of 
these, 1016 were observed to decay. These form the basis of the experiment. 
The results of MorINAGA and Fry (2°) and of ADELMANN and JONES (?1) re- 
lative to the number of u and x~ giving rise to stars in emulsion were used 
to determine the 7- contamination in the fiducial region. The total number 
of u- track endings is thus calculated to be 3382. 

The total number of decays in the fiducial region, 1290, is obtained from 
the observed dip-angle distribution of decay electrons by assuming the true 
distribution to be isotropic. The total number of decays is the sum of the 
number of decays in each element of the emulsion. The number of w--decays 
in a given element is obtained from the fractional decay rate in that element. 
This fractional rate is calculated from the results of the lifetime measurement 
of SENS (?). 

There is experimental evidence (22%) that in some cases one should assume 
an atomic capture distribution proportional to the relative abundance of these 
various elements present and in other cases proportional to the atomic number 
of the elements. This ambiguity affects both the original distribution and the 
redistribution of the uw from the (proton-u-) complexes. For the latter alter- 
nate modes are also possible. Calculations based on the various possible com- 
binations of assumptions indicate that the results are insensitive to variations 
in the modes of distribution and redistribution. The results in Table I have 
been calculated on the assumptions that the initial atomic capture is propor- 
tional to the relative abundance of the elements present, except that no as- 
sumption is made as to the capture probability in the heavy elements relative 
to the light; all the u- from the (proton-u-) complex are recaptured in the 
gelatine; the redistribution amongst the elements of the gelatine is propor- 
tional to the relative abundances of CNO. 

With these assumptions, using the total number of stopping u-, 3382; 
the total number of decays; the known relative abundances; and the decay 


(2°) M. Morrnaca and W. F. Fry: Nuovo Cimento, 10, 308 (1953). 

(21) F. ADELMANN and S. JonEs: Phys. Rev., 75, 1468 (1949). 

(22) J. C. SENS, R. A. Swanson, V. L. TeLEGDI and D. D. YovanoviItcH: Nuovo 
Cimento, 7, 536 (1958). 


(23) J. F. LATHROP, R. A. Lunpy, R. A. Swanson, V. du. TaLEGDI and D. D. Yova- 
NOVITCH: Nuovo Cimento, 15, 831 (1960). 
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rates in the various elements as determined above, one obtains a set of simul- 
taneous equations that permits the determination of the distribution of the 
stopping uw -mesons amongst the various elements as given in column 3 of 
Table I. 58% stop in the AgBr and 42% in the gelatine. 


One 
Event 


Relative number 


0 20 40 60 80 100 120 140 140 180 200 
Electron energy (keV) 


Fig. 1. — Spectrum of observed low-energy electrons greater than 30 keV in association 
with u- decays in emulsion. Based on 1016 observed u- decays in emulsion. 


The results of the experiment are summarized in Table II. The exper- 
mental spectrum of low energy electrons consistent with the energies of K, 
Auger electrons from the light elements and appearing in association with a 
stopping uw which decays with emission of an energetic electron is given in 
Fig. 1. A 25% uncertainty in range due to straggling is included. 


il, Number Gi suey e 6 6 e da 6 oe 8 Bho Bn oe 3 382 
9. Number of. u-e decays observed . . ._. . . ++ + + + se 1016 
3. Total number of u-e decays (geometrical correction for bias 
ppi WL WS Ae ee o 1 290 
4. Percent stopping u= which decay. . . . . . . . . +++: AS atl 
5. u-e—+low energy electron of 30<E< 200 keV observed 5 | 
6. Number of events under no. 5 attributable to u- capture in AgBr 3 
7. Number of events in no. 5 due to capture in light elements 2 


Each of the five events included in the spectrum was examined under 
2500 x magnification and the length of the low energy electron track meas- 
ured by at least two observers. The energy was determined from the com- 
posite range-energy curve for electrons of Demers (**). The acceptability cri- 


(24) P. DEMERS: Tonographie (Montreal, 1958), p. 250. 
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terion of CosyNs (5) was applied to all apparent Augers in the proper range. 

70 of the observed u-e decays occurred in the AgBr. We expect three of 
these to be associated with an electron in the energy interval between 30 keV 
and 200 keV on the basis of the number of electrons observed in this energy 
region connected with p--mesons that stopped without decaying. 

“Therefore of 1016 observed decays, 946 are due to capture in the light 
elements CNO, and approximately 2 of these have associated low energy elec- 
trons consistent with the A, transitions in these elements. 

These results are completely inconsistent with the presumption that the 
low radiative yield results are due to the Auger effect. This agrees with Fry’s 
earlier work (1°). Due to the low statistics, the results can not be said to cor- 
roborate the theoretical calculations of Burbidge and de Borde, but they are 
consistent with them. 


We are very gratefyl to Dr. D. S. HASKIN and to the late Professor MARCEL 
ScHEIN of the University of Chicago for making available the plates used in this 
experiment, and wish to thank Dr. V. L. TELEGDI and the University of 
Chicago Cyclotron group for their co-operation and help. 


RIASSUNTO (*) 


Si è effettuato uno studio delle transizioni K di Auger negli elementi leggeri delle 
emulsioni nucleari. Su 3382 mesoni u- che si arrestano, se ne osservano 1016 che 
decadono. 5 di questi sono associati a elettroni a breve percorso le cui energie erano 
in accordo con le transizioni A del CNO. 2 di queste 5 vengono attribuite a transizioni 
K di Auger del CNO, mentre le rimanenti 3 sono attribuite a transizioni K di Auger 
nell’AgBr. Questi risultati vanno confrontati con i calcoli di Burbidge e de Borde che 
per questo esperimento predicono 1.3 elettroni A di Auger formati nel CNO. Questi 
risultati sperimentali sono in contrapposto con l’ipotesi che le transizioni X radiative 
mancanti negli esperimenti di Stearns e Stearns siano dovute a contrastanti processi 
di Auger, poichè questa ipotesi richiederebbe che si osservassero 294 elettroni X invece 
dei 2 effettivamente osservati. I risultati sperimentali qui esposti sono in accordo con 
un experimento precedente di Fry. 


(*) Traduzione a cura della Redazione. 
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Istituto di Onde Elettromagnetiche dell Università - Firenze 


(ricevuto il 1° Luglio 1960) 


Summary. — The usually adopted theory of the meteoric ablation is 
critically examined and improved. More approximate expressions are 
given for the fundamental equations of the ablation particularly useful 
for low velocity meteors. New methods are proposed for determining 
the effective latent heat of ablation and the meteoric density. The results 
obtained by using these methods shall be published in a following paper. 


Introduction. 


After the second World War and principally in the last twelve years, the 
meteoric effects have been extensively investigated by many Authors. How- 
ever, the meteoric ablation can not yet be described by taking into account 
all the details of the involved processes. Consequently, the current views are 
somewhere different. 

Recently, important reviews of meteor physics have been made by ÒPTK (1) 
and ASTAPOVITCH (2). Pioneer contributions of lasting value to the knowledge 
of the processes, which the meteors in the terrestrial atmosphere can give rise 
to, were made by SPARROW (*) and chiefly by Oprk (4:5); the quantitative theory 


(1) E. J. Oprx: Physics of Meteor Flight in the Atmosphere, (New York, 1958). 

(2) I. S. AsrapovircH: Meteorie Problems in the Earth’s Atmosphere, (in Russian) 
(Moscow, 1958). 

(3) C. M. Sparrow: Astrophys. Journ., 63, 90 (1926). 

(4) E. J. ÒPIK: Acta et Comment. Univ. Tartu, A 83 (1937); or Tartu Obs. Pubdl., 
29, no. 5 (1937). 

(5) E. J. ÒPIK: Acta et Comment. Univ. Tartu, A 26, no. 2 (1933); or Harvard Coll. 
Obs. Reprint, no. 100 (1933). 
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of meteoric ablation was given by HoPPE (*) and WHIPPLE (7°). More recently, 
important works on the subject are due to Cook, EYRING and THOMAS (?), 
THOMAS (1911), THomas and WHIPPLE (1?) and JACCHIA (1%), besides many stud- 
ies regarding particular points of the theory. 

But a very useful basis for the investigators in a number of problems in 
pure and applied researches about meteors has been established by Herlofson’s 
equations deduced from a simple model of meteoric ablation (14). 

The purposes of the present work consist in improving Herlofson’s model 
by eliminating some too particular assumptions and in finding, for funda- 
mental ablation equations an approximation more accurate than that pres- 
ently used: then, with the aid of some resulting equations, new means are 
found for determining the ratio of the latent heat of ablation to the heat 
transfer coefficient, the shape factor and the density of meteors. With some 
experimental data published by WHIPPLE (8), these quantities have been 
evaluated: a following paper will be dedicated to this matter. 


1. — The basic hypotheses of ablation theory. 


Herlofson’s theory is based on the following assumptions: 


1) The meteors make individual impacts with single air molecules. 


2) All these impacts are completely inelastic and central: then a thermal 


energy equal to $mv? is produced at the meteor surface at each collision (m, mass 
of the air molecule; v, meteor speed) and the kinetic energy of the meteor 
decreases by the quantity mv?. Accordingly, the molecule receives a momen- 
tum mv along the direction of motion. For these evaluations the air mole- 
cules have been considered at rest because their velocities are very small (of 
the order of 100 m/s) if compared to the meteoric velocity +. 


3) The meteor ablates before a significant amount of heat flows inward. 


4) The energy directly radiated from the meteoric body is negligible. 


(5) J. Hoppe: Astron. Nach., 262, 169 (1937). 

(7) F. L. WuHIPPLE: Proc. Am. Phil. Soc., 79, 499 (1938). 

(8) F. Li. WHIPPLE: Rev. Mod. Phys., 15, 246 (1943). 

(9) M. A. Cook, H. Eyrine and R. N. THOMAS: Astrophys. Journ. 113, 475 (1951). 
(1°) R. N. THomas: Harvard Reprint Series II-34 (1950). 

(1!) R. N. THomas: Astrophys. Journ., 116, 203 (1952). 

(2) R. N. THomas and F..L. WiippLe: Astrophys. Journ., 114, 448 (1951). 

(13) L. G. JACCHIA: Astrophys. Journ., 121, 521 (1955). 

(14) N. HeRrLOFSON: Phys. Soc. Rep. Progr. Phys., 11, 444 (1948). 

(5) F. L. WHippLE: Astrophys. Journ., 59, 201 (1954). 
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5) The meteors are spherical and maintain the spherical shape while 
evaporating. 


6) The atmosphere is in hydrostatic equilibrium, with constant gravity. 


The first assumption requires the meteoric dimensions to be small compared 
with the mean free path of the air molecules at the heights where meteors 
usually ablate: this condition is satisfied by all the meteors except the bril- 
liant fireballs. The case of brilliant fireballs will be shortly examined. 

The second assumption does not seem justified. In this connection it is 
to be noted that Hopp (*), WHIPPLE (**), Oprk (4) and many others (see 
later) assume in their treatment that the meteoric impacts with the air molecules 
are not completely inelastic, or that a percentage of the impacts are complete- 
ly inelastic and the others completely elastic. Of course, when an elastic 
central collision occurs, the meteor loses an amount of energy equal to 2mv?, 
but no heat is produced. 

In a not completely inelastic collision of the meteor with an air molecule, 
the heat Q produced is Q = 4A’'mv? being A’ the coefficient of accommodation, 
depending upon the value and direction of the final velocity of the molecule. 
This energy differs from the heat energy 3Amv® effectively supplied to the 
meteoric body for its ablation, by the amount spent on impact radiation, sput- 
tering energy and excitation or ionization of the reflected air molecule, but 
this difference is presumably small and, when the impacts are single, it isn’t 
necessary to distinguish the coefficient of accommodation A’ from the heat 
transfer coefficient A. 

In such a collision the molecule receives a momentum the component of 
which, along the direction of motion, is ymv. The drag coefficient y is a 
dimensionless constant depending by the final velocity of the air molecule. 

The air molecules, which collide with a meteoric body element, the norm 
of which forms an angle « with the direction of flight, will be reflected in dif- 
ferent directions: Oprk (1) assumes that the average direction is that of spec- 
ular reflection: in this case, if we indicate with e the coefficient of restitu- 
tion of the impact we easily have A’=1—e*; y = 15e cos 20. 

As is well known, the order of magnitude of the velocity is the same for 
all the meteors (from about 10 to about 70 km/s); therefore, it seems accept- 
able to assume that the restitution coefficient is constant for all the impacts 
between meteoroid and molecules. For a spherical meteor, the probability 
that a molecule collides with a surface element, the norm of which forms an 
angle comprised between « and eda with the line of flight is sin 2xda; 
then with Opik’s assumption, the average momentum received by the mole- 
cule in flight direction is simply mv (y= 1). It can easily be shown that the 
same result is also reached when the meteoroid is not spherical but the surface 
elements have a random distribution (*). 
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Opik’s assumption doesn’t satisfy completely: we will write the ablation’s 
equations without making any particular assumption about A and y, even if 
presumably A and y differ only slightly from (1 — e?) and 1 respectively, in 
the case of direct single collisions between meteoroid and molecules. 

However, in considering larger meteors (fireballs), we know that an hydro- 
dynamic cushion of air is formed in front of the meteor, preventing direct impact 
of the air molecules on the meteoroid. Under these conditions, A may differ 
remarkably from A’ and heat transfer efficiency is reduced. In this 
case y also is smaller than 1 and the atmospheric drag on the meteor 
decreases. The ablation’s equations are the same for general meteors and 
for fireballs: only the values of A and y are different. A and y will be 
different for every collision. Taking into account the very large number of 
collisions, we will indicate, in the following with A and y their average values. 
Presumably a relation will exist between A and y, at least in the case of single 
impacts, because A and y may be expressed in terms of the elasticity e of the 
impact. For example, Hoppe (*) in his old theory supposed, as Oprk, the 
validity of reflection law and moreover the independence of the recoil veloc- 
ity of the molecule from the incidence angle: in these conditions, for a spher- 
ical meteor, one has: A = 4(1—e?) and y= #(3+e?) i.e. y=1—(A/2). 

The values assumed by different Authors for the heat transfer coefficient 
are very different. SPARROW (?) quoted A= 0.27 to 0.37 while Opik (4) in 
his earlier work, preferred A= 0.6 on the basis of the experimental results 
of VAN VOORHIS and COMPTON (!) on the accommodation coefficients of posi- 
tive ions of argon, neon and helium in their impact with a metallic surface. 
Hoppe (°) from his mass-velocity relation, using Rosenhagen’s data, deduced 
A = 0.023, but because of other considerations chose À — 0.005. WHIPPLE in 
his important review (5) of 1943 used A= 0.5. More recently KAISER (17) has 
assumed A= 0.7; THomas and WHIPPLE (!?) and THOMAS (18) have regarded 
A— 0.1 as a probable value of the accommodation coefficient; Cook (1°) by 
using a modification of the theory of Cook, Eyring and Thomas (*) and using 
the experimental data of a very light meteor with a smooth light curve has 
deduced A = 0.77. 

CEPLECHA and HANSEN (see BAKER (?)) assume respectively À — 0.54 and 
A=0.90. Not to mention others, Oprk (1) in his recent book uses for stone 
meteors 1=0.8 and LOVELL (2!) writes in his review that the actual value 
of A lies between 0.7 and 1. 


) C. C. VAN VoorHIS and K. T. Compron: Phys. Rev., 37, 1596 (1931). 

) T. R. KAISER: Adv. Phys., 2, 495 (1953) 

) R. N. THomas: « Meteor » Special Suppl., 2;t0 Journ. Atm. Terr. Phys., 1 (1955). 
19) A. F. CooK: Astrophys. Journ., 120, 572 (1954). 

) R. M. L. Baker jr.: Astrophys. Journ., 129, 826 (1959). 

) A. C. B. Lovett: Handb. d. Phys., 48; Geophys., 2 (1957). 
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The laboratory experiments with ultra-speed pellets (THoMAS and WHIP- 
PLE (12)) lead to a value ~ 0.01, but the conditions are quite different: the 
velocities are lower by one order of magnitude (~ 2 km/s) and moreover the 
pressure is extremely higher. 

Some direct information on this quantity is clearly needed. 

Likewise, even for what concerns y, the current opinions are not well 
defined. WHIPPLE wrote on this subject in his review (*) that «for photograph- 
ic and visual meteors with which we are concerned the value of y must be 
high, not far from unity. For much more massive fireballs, which are not 
destroyed in the upper atmosphere, smaller values of y probably are applicable » 
and later «From the above discussion it is apparent that y might well be 
decreased to perhaps 0.9 or 0.8». Successively a more profound study on the 
drag coefficient was carried out by THOMAS (1°) and a summary was given also 
by THOMAS and WHIPPLE (1?). They wrote: « Since, at the highest meteor 
velocities and lowest air densities, we expect most of the air molecules to be 
absorbed by the meteor surface, a value of y between 3 and 1 would seem the 
most reasonable » and later «In summary, for spherically shaped meteors, we 
expect y to be about 3, with an uncertainty factor of about 2, depending on 
air density and speed. We might also expect some decrease in y as we go from 
the faster meteors in the upper atmosphere to the slower meteors in the lower ». 

Very recently BAKER (°°) has applied the theory of transitional aerodynamic 
drag to meteors and has proposed a simple expression for the variation of y 
«more realistic than the almost universally employed constant of 1». Ac- 
cording to this Author, the molecules emitted from the meteoric body have 
an important effect upon the drag and cannot be neglected, as is usually done. 

The third and fourth assumptions can be substantially accepted. Research- 
es recently carried out by THOMAS (151$) have supported the idea that heat 
flow doesn’t affect the ablation of meteors. Moreover, if we accept for the 
meteor surface a temperature value of about 3000 °K (see, for example, 
THOMAS (1!) and Cook (!°)), following Opik’s discussion (1), it may be concluded 
that radiation is insignificant for the meteor ablation. Micrometeorites are 
obviously excluded from this last consideration. 

The assumption that meteors are spherical can be easily eliminated by 
introducing a shape factor. Let us call o =a(v) the cross-sectional area of 
the meteoroid; according to HOPPE (°) a shape factor may be introduced, 
defined as A—oM~', where M = M(v) is the mass of the meteor. For a spher- 
ical particle o(v) = ar?(v), M(v) = <mc0r°(v), where o is the mean density of 
the meteor; then A = (97/16) 0 À =a Ip * turns out to be independent of 
M and », being a function of the sole g. Obviously, for meteors other than 
spherical, A depends also on the shape and orientation of the particle. The 
proper meaning of A lies in its independence from M, which postulates that o 
varies with the dimensions of the meteors as 7° (r= equivalent radius of the 
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meteor defined by the relation M == 701). For a spherical iron meteor 


2 


(9 = 7.8 g/cm?) we have A= 0.31 em?-g , while for a spherical stone meteor 
the classical value of o is 3.4 g/em*, hence A= 0.53 em?-ge 5. The value used 
by WHIPPLE (*22) for A is 0.5 em?-g-?; KAISER (1) adopted A= 0.48 cm?-g 5. 
JACCHIA (13) used-yA=1 so that À > 1. 

At present, a considerable uncertainty affects the value of the density 
of meteoric material (21): following WHIPPLE (224) the meteoric density should 
be 0.05 g/em?; accordingly, A should have a value about 9 for a spherical 
particle. Because of this uncertainty in o, it is perhaps preferable that the 
shape factor be independent of the density; therefore, in more recent works 
a dimensionless shape factor 4,— Ao is used (WHIPPLE (2), HAWKINS and 
SOUTHWORTH (2°)). For bodies of simple shape (cones, ellipsoids, short cylin- 
ders) À, is of the order of unity (25) (for a sphere A,= 1.21). OPIK (1) de- 
fines a shape parameter as the dimensionless quantity B=rS/V (S, area of 
the minimum convex envelope of the body, V compact volume of the meteor). 
For a compact sphere B= 3; this is the minimum value B can assume. We 
will use à shape factor F defined as o= Far?; so that for a sphere, we have 
F=1. Evidently it is A, = (9x/16)°F. 

Finally the sixth assumption is the usual scheme of the atmosphere; in a 
very recent work WEISS (?°) has considered the case of a non isothermal atmos- 
phere with a linear scale height gradient, but for our purposes, the differences 
are not essential. 


2. — The meteoric ablation equations. 


During a time dt the air intercepted by the meteoric body is dm= 0,0 ds, 
being o, the air density and ds the path element; the heat produced is 
dQ = (1/2) dmv? and the energy carried away by the ablated atoms is — 14M, 
where dM is the mass loss of the meteor and / the latent heat of ablation for 
unit mass. The conservation laws of energy and momentum are then expressed 


. A 
(1) — Udm =—ildM, 
(2) yv dm =— M dv. 


(22) F. L. WHIPPLE: Adv. in Geophys., 1, 119 (1952). 

(23) F. L. Waippce: Harvard Reprint 465 (1957). 

(24) F. L. WHIppLb: Vistas in Astronautics (London, 1958), p. 115. 

(25) G. S. Hawkins and R. B. SoutEwoRTH: Harvard Reprint Series II-128 (1958). 
(25) A. A. Weiss: Austr. Journ. Phys., 12, 54 (1959). 
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By dividing equation (1) by equation (2) and putting y(1/4)= £ we 
obtain 


1 am 
which, upon integration, gives 
D Mes 
(4) M = M, exp | = JE | 5 


if £ is constant during the ablation, as we will suppose, though recently 
JACCHIA (27) has found in photographic meteors a little increase of É during 
the ablation. 

It is worth noting that equation (4) is independent of the shape of the 
meteor. 

By introducing the equivalent radius of the meteor, equation (4) assumes 
the form 


2 


92 


(4) P = iy Cre 


— Vo 
128 47 


Taking into account the expressions of dm and o and remembering that 
Oa = p/gH (p atmospheric pressure, g gravity acceleration, H scale height), 


ov 


equation (2) gives 


4 pi 
(5) dp =— COS y exp | | dv, 


where 7, the zenithal angle of the meteoric path in the atmosphere, may be 
considered constant. In order to integrate eq. (5) it is necessary to known 
the function F=- F(v): as a first approximation, we can assume F(v) = con- 
stant. because the meteors, during the flight, undergo oscillations and rota- 
tions, due to the impacts with the air molecules (*). 

After integration eq. (5) becomes 


A aio meee == Ue va v? 
(6) p = 35 COS y exp 12€ (3 | E (158) , 


where Æ(æ) indicates the logarithmic integral. 
The ablation rate n, i.e. the number of atoms ablated per unit time is 


owl 


(7) 1 : 


where is the mass of an individual meteor atom. 


(27) L. G. JAccHIA: Harvard Reprint Series II-122 (1958). 
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Substituting eq. (1) into eq. (7) we have 


nyF 
8 =; = {MED 
SuËgE © 


Moreover, since the path of the meteor within the earth’s atmosphere may 
be assumed to be a straight line, recalling eq. (3), (7), the modulus a of the 
deceleration of the meteor is given by 


(9) Royer 


The explicit expressions of n and a in terns of v are 


M =e ge 02) | ve (2 
8! PEL R pl | - 3 ex ; o 7 
(8) n IuHE cos 7 exp | dé | v> exp Si E (75%) 8(;50) : 
h COSY . DEI ve | DER 
9 M). an | Pr A Ron ER es 
eo eo ai a È be: (el: 


The electronic line density g of the ionized column produced by the meteor 
is given by 


(10) q=-8, 


B being the probability that a single evaporated atom will produce a free 
electron. Recently a power-law dependence of f upon velocity v has been 
assumed, so that 


(11) Ca bob 


EVANS and HALL (78) gave 7= 0.5 + 0.5 but the last independent eval- 
uations of 7 (WHIPPLE (2°), HAWKINS (8°), WEISS (31)) indicate a value of 
about 5. Equations (8), (10) and (11) give 


(12) des à 
2ué gt 


yy 2a +2 
prevu , 


(°°) S. Evans and J. E. HALL: « Meteors» Special Suppl., 2; to Journ. Atmosph. 
Terr. Phys., 18 (1955). 

(2°) F. L. WipPLE: Astrophys. Journ., 121, 241 (1955). 

(°°) G. S. Hawkins: Astrophys. Journ., 124, 311 (1956). 

(31) A. A. WrIss: Austr. Journ. Phys., 10, 397 (1957). 
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v? | ve v2 
6 {e (=) i] 


According to the current views, the luminous intensity / in the spectral 
range 4500 À to 5700 À is 


or explicitly 


2 
— 00 


He. 


MP, 
19: LE of 0 Og x 
(12%) de uel COS y exp 


| +p1+2 exp 


1 dM 
(13) T= —-—tw?—_, 


t being the luminous efficiency in the spectral range considered; following 
WHIPPLE (8?1) the luminous efficiency is proportional to the meteoric speed: 


(14) T= TV . 
Then, by using eq. (7) we have 

(15) Ti oe ; 

or explicitly 


M 
(15) Te ore x exp 


3. — The first approximation of the ablation’s equations and some of its applications. 


A first approximation of the ablation’s equations may be obtained when 
(v%— v)/v is far below unity during the entire appreciable phase of ablation, 
as it occurs when the initial speed of the meteor is greater than about 
(30 +40) km/s (3°). With such a condition we have 


vol12E 


SOL. er 12é ve 


x DE 


vi 
(16) E (e 


By using eq. (16), it is easy to find a maximum for the ablation rate and, 
if we neglect È in comparison with v,, the maximum of electronic line density 
and luminous intensity occur at the same instant and the following approx- 


(82) F. VERNIANI: Ric. Scient., 29, 1965 (1959). 
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imate expressions can be reached: 


p 1 p \° 
n = Ti Vmax si (1 9 a 
9 p Î DI 
OI AE ee 
i 4 Tax max 3 2.) È 
ji Se P (1-3 ae p 
4 Dre Gee ROU eae 
1 12é i al p z 
) AUT Eee 
no | Le ve n( 3 | 3 
9 / —1 
a = San ae dl 3 ; Li 
3 Pmax 3 Drax 
1 = To (1 = Li Be ik 
Sales 


M =m, (1-5 i 


3 Pmax 
4 
Nmax 9a "n Mid COS He ; 
max = MB cos x , 
Pmax _. ays me 308 


D NT A 


max = H In 3Poy vs 8 Sec X 


809708 
9 
Trax Er 3 To 9 
8 
MES = 27 M, , 
12 
Umax = Vo 5 , 
5% 
IE 
max = Te COS va ; 


DT 
Lex = OT = Myr cos x, 
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where nn: Geax and J,,,, are respectively the maximum of the ablation rate, 
of the electronic line density and of the luminous intensity, p, is the atmos- 
pheric pressure at sea level and p,,,., 4 ea M deri 


max 1 


are the values 
of p, a, 2, M, r, v at the point where the maxima of », q and I occur. 
Equations (17), (18), (23), (26), (26’) coincide with the Herlofson’s equa- 
tions because they do not contain either the shape factor F# or the coefficient 
of accommodation A or the drag coefficient y; however, it is to be emphasized 


DI 
max} “max? 


that these equations have been found by assuming F independent of v, 4e. of 
the position of the meteor along its path in the atmosphere. 

It is important to note that the ablation energy per unit mass { appears 
always divided by the accommodation coefficient A, so that an experimental 
separate determination of one of these two quantities is impossible. We can 
regard this ratio //A as the effective latent heat of ablation. 

From eq. (27) we have 
(30) È FE 12 Vo(Vo — Uno) 

In this way £ can be determined by measuring the velocity at the point 
of maximum ionization and by evaluating the velocity outside the atmosphere 
by means of the usual extrapolation. 

For the radiometeors, the accuracy, with which the velocity can be meas- 
ured, is often poor, so that the value of £ may be remarkably affected by the 
errors in the values of v, and 2,,,,. 

In every case eq. (28) suggests the possibility of another independent deter- 
mination of È. We have 
Heads 


Fe ~ 3cos 7 


Ur 


Also the value a,,. of the deceleration in the point of maximum ionization 
is difficult to be found with the required accuracy; then it is expedient to sub- 
stitute a, With an average value of a, which is much more easily determined. 


The average value @, of the deceleration in the time interval ¢,, #, corresponding 
to the heights 2,, 2» and velocities v,, ® is 


ey Oe Oy aes, COR 00 3D max — Pa 


20 nine 
ce Lt 21 — 2e Spade 
Hence 
a sec ¥ Stasi Dita 
x Fa “(5 > Re le 
(33) dre (21 — 2) im no SI 


Jointly with equations (18) and (19), equation (32) gives account of the 
well known fact (38) that fast meteors may have measurable trajectories ex- 


(33) L. G. JaccHIA and F. L. WHIPPLE: Harvard Reprint Series 11-99 (1956). 
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tending over 50 km or more without any detectable deceleration, while slow 
meteors with large zenithal angles may show remarkable deceleration. 

If the physical process of ablation is postulated (for example, evaporation), 
the latent heat 7 may be thermodynamically calculated, and by the exper- 
imental value of €, the ratio y/A is obtained. Thus, when y and À may be 
expressed in terms of e, they are separately determined. 

In principle, for each meteor, the shape factor F may be deduced by using 
eq. (25), which then becomes 


8 (3 \5 gMiot 
De Se OST CON 
(84) 3 (=| YV0P max ue 


but for an effective determination of F, the value of o is needed. Because 
of the actual uncertainty upon the value of o it is now preferable to assume 
for F an average value and to use eq. (34) in order to determine the order 
of magnitude of o. 

The value of meteoric density cannot be found directly; the experimental 
data may give only or,/F and or, (see eq. (24) or (29) and (25)): then we have 
only two equations and three parameters. However o may be determined by 
measuring the values of or,/F and or for many meteors, if we suppose that 
all meteors have the same density. Let us suppose that or,/F and or} have 
been measured for y meteors and that c,, ¢, ... 6; ... 6,; ky, ky, ... ki, ... k, are the 
results of the measurements: 


on OT o2 Oo: Of ov 
(35) mr = P = C93 ee = C;; oe Cys 
10 D nie He 
3 ie 3 SE 3 S ‘ 
(36) OR Ol og NE OT — e Or Le 


The (35) and (36) are 2» equations with (2y+1) unknown quantities; but, 
if » is large, we can write 


1... 
(37) SF, = 


by assuming that the mean value of the shape factor 7 for a great number 
of meteors will be 1. 


Then with eq. (35), (36), (37) we obtain 


wk 


a 
v 


(38) = pe (> Ko) e 
1 


This formula has been used by the author to provide a determination of 


meteoric density: the results, to be published soon, clearly show the existence 
of different types of meteors. 
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4. — More approximate expressions for ablation equations. 


Ee 


The approximate equations from (17) to (29) are reached through the 
following assumptions: 


(a) Pola (see eq. (16)) 
(b) E<UÙÙ- 
WEISS (34) has recently improved eqs. (24), (25), (26), (27), by retaining 


(2 
assumption (a), but rejecting assumption (b). The equations which can sub- 
stitute eqs. (24), (25), (26), (27), affording a more realistic description are (*) 


HE 0a 
(39) Umax = TE Moda COS Je , 
8agé! 
(40) Pmax = = te COS iG , 
9 
(41) Tmax = Nig 
126 2A 
A9 Y == Gf | = 
(42) Dinar îo(1 vio Ue ; 


(43) FER RE 
) g=1+2f, 


and the subscript max refers to maximum electronic line density. 
Obviously if we neglect in these equations 3(2 +7)é/v, in comparison with 
unity, we reobtain for quar) Pax) ANA Ynax the expressions (24), (25), (26). The 
equations (40), (41), (42) represent an effective improvement in respect to the 
preceding approximations only for slow meteors (i.e. when the term 3(2+m)é/ vi 
is not negligible in comparison with unity). 
In the same order of approximation, it is possible to find the equations 


(34) A. A. Weiss: Austr. Journ. Phys., 11, 591 (1958). 
(*) In Weiss’ work, the shape factor # and drag coefficient y are omitted (F=1, 
y=1 as in Herlofson’s theory). 
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(0 ©) 
om 
Ce) 
bo 
© 
Z 
bo 
bo 
bo 
bo 
C0 
— 
bo 
© 
— 


which can substitute eqs. (1 


D] 0 da, 2 7 r2)/2 
yg p yp | 1+ (12£/05) In (1 — p/PPaax) oe i 
/ == x = 1 — x = pri 4 
Cate AT ap ose Al PP ras | 1 + (124/03) In (2f/¢) 


5 Pd p LR (126/00) 
(45) T = mx (- o, )| 1 + (126/08) In (2}/9) 


In ( 1 — P/PPmax) ii 


Af? n Pmax PP w ax 
12€ | 
(46) D =% Î FL in (1 = SE ) 
Vo PP wax 
2j non p \11+ (126/00) In (1 — p/pPmax) 
(47) SEA (1 —.- ta 3 2) 5 ; 
RA Io 14 (12£/03) In (2/9) 


) 
(48) r = ro (! = 2 + ; 


(PP max, 
ZE DE 
(49) (max = = COS (1 if — = in), 
jee Pi 
6.077) 
(50) L= 1 = © My thax COS x. 


It must be remarked that now J,,, represents only the value of the lumi- 
nous intensity J at the point at which the electronic line density g is maximum 
and doesn’t coincide with the actual maximum /, of the same luminous 
intensity; 1, may be obtained even by eq. (50) if only we put 4 instead of 7 
in eqs. (43) and (43’) which give f and g. On this matter, it is easy to add 
that the electronic line density q reaches its maximum before the luminous 
intensity Z, which, in its turn, precedes the maximum of the ablation rate 1. 

If a preliminar value &, of the effective heat of ablation € is known, by using 
the Weiss’? approximation, we may find a more reliable one. Keeping the 
same symbolism of the preceding section, we obtain € by solving the equation: 


DR 0) ) \ 14 D 4 Do 4 
CDA RI ihe LE (1 Bs | ai Ni Da ID! 


Eta TES 0 PPrnax @Praax)| | ? 


where g is computed through &). 

Equations (44) to (48) are valid, for æ >%,, i.e. when the condition 
P< PPrax(1— EXP [#,— 20]) is satisfied, where x = v?/12é and being x, the lowest 
value æ may assume during the ablation: 


lu 
M,’ 


By — Lo = > sin 


US 
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when } In u/M, is greater than about (0.1 — x) and x,—0.1 in the other case (832). 
For meteors slower than about 30 km/s we can always take #,= 0.1 (82). For 
the others the preceding condition practically becomes p < gp; because of 
(u/M,) is fully negligible in comparison with unity. By concluding equa- 
tions (44) to (48) are valid for p< p,,,.51(%o); 
defined by 


where the function 6,(.%) 18 


| (erexph Oct =| 4 


(52) b,(%o) = 1 — exp (4; — %) = 
| 1 — (u/Mb) SMI 


Table I contains the values of b,(x,) for £— 107 joule/kg: thus we see that 


for meteors faster than about 25 km/s (more than 90% (85 the limit of valid- 
| 0 ; 


ity becomes simply p< qp,,,- However, for the little part of meteors with 


v, (km/S) Lo Tao) pan) b(x,) b(x,) Pb; (10) Por) 
11 1.008 2.735 6.470 0.597 1.290 3.863 8.346 
MERO 1.450 2.207 5.414 0.741 1.619 4.012 8.765 
| 15 1.875 1.933 4.866 0.831 1.758 4.044 8.554 
| 16.47 2.261 1.774 4.548 0.885 1.793 4.025 8.154 
| 20 3335 1.525 4.050 0.961 1.666 3.892 6.750 
25 5.208 1.336 3.672 0.994 1.381 3.650 5.071 
30 7.500 1.233 3.466 0.999 1.207 3.464 4.183 
35 10.208 1.171 3.349 1.000 1.128 3.342 3.770 
40 1552 1.131 3.262 1.000 1.090 3.262 3.555 
45 16.875 1.103 3.206 1.000 1.068 3.206 3.424 
50 20.833 1.084 3.168 1.000 1.053 3.168 3.336 
55 25.208 1.069 3.138 1.000 1.044 3.138 3.276 
60 30.000 1.058 3.116 1.000 1.036 3.116 3.228 
65 35.208 1.050 3.099 1.000 1.031 3.099 3.195 
70 40.833 1.043 3.086 1.000 1.027 3.086 3.169 


very low velocity, the limit is further reduced: for instance, tt (© = 15 kaye, 
p must be smaller than ~ 0.83 ¢@p,,,.- From the values of the Table I, we 
see that eqs. (44) to (48) have a wider validity field than the corresponding 
equations of first approximations, which hold only when p<3P,axV1(%o)- 
Now we will investigate the degree of accuracy of eqs. (44) to (48) and the 
relative extension of their validityeficld. The assumption v=%, is really 
acceptable when v differs only slightly from %, as is well known, also exper- 


imentally, to happen when v > »,,,.- However this position becomes unre- 


(G5) D. W. R. McKixiey: Astrophys. Journ., ls, Bay (KOI 
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liable when v ceases to be near v. To compare the effective values of the 
highest atmospheric pressure p, at which a meteor of given characteristics 
may arrive during its ablation with the maximum value p,q allowed by the 
approximate equations, we proceed as follows. 

The expression of p, is given by eq. (6): 


(53) p; = k exp [— %] [H(a) — E(x;)] , 


where, recalling eq. (40) 


__ 209% COS X 


(54) k 3yF - = PP max Lo > 
Putting 
ev 
(55) b,(x) = x_exp[— af = du, 
D 
and 
(55') b(x) = x exp [— "| — du, 
L 
051 
we have 
(56) Ds = PP nax O¢ (Xo) 


and for meteors slower than about 30 km/s 


(56') Di Oe Dire 


while for the other meteors 
(56") D; < PPmax 0 (Xo) O 


From eq. (52) and (55) it is easy to see that always b,(a) > di(0); thus 
we have the inequality 


(57 ) OP max b, (0) < PRs PP m ux b(xo) c 


The function b(x,) has a maximum for 4, = 2.26, the value of which is 
1.79, then it decreases and its limit for 4, oo is 1. In Table I are given 
the values of b(x), pb(t), gd: (1,) as functions of x,, for £— 107 joule/kg and 
n= 5. The function gb(a,) has a maximum for x, = 1.45 and its value is 
8.76; then it decreases and its limit for #4 — oo is 3. @b,(a)) has a maximum 
for a, — 1.87 and its value is 4.04. Then p,, doesn't overcome ~ 4p,,,. while 
py can reach the value of 8.75p,...3 Ps is more than twice p,, for initial 
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speeds less than about 16.5 km/s, but for velocities greater than (35 +40) km/s Psa 
differs slightly from the effective p,; this result is not surprising because in 
these cases vw, is near enough to » (5°). 

In the Fig. 1 to 7, w/a is plotted as a function of p/p,,,, for different values 
of initial velocities (v, =11 km/s; v=15 km/s; v= 20 km/s; v= 30 km/s; 
4 = 40 km/s; v) == 50 km/s; 7 = 60 km/s): the curve e is obtained by eq. (6) 


X/X0 


=> 00992 
— 1 
p/P max 
Fig. 1. — Comparison of the exact and approximate equations for meteor speed as 


function of the pressure. #=v?/12E; 2,=1.008 (v,—11 km/s). Curve a: first approx- 
imation; b: Weiss’ approximation; ¢: exact solution; d: new approximation. 


while the curves a, b represent respectively Herlofson’s and Weiss’ approx- 
imations. Conversely curve d shows a new approximation, which will be intro- 
duced later. In the Fig. 5, 6, 7 the horizontal straight lines show the values 
of x, at which the ablation process comes at the end for meteors of different 
mass. 

The electron density profiles, the deceleration and radius of the meteor, 
as given by the exact solution and the various approximations are compared 
in Fig. 8, 9 and 10 for three values of the initial speed (0 = 20 km/s; % = 
— 40 km/s; v, = 60 km/s): the values of Gna And a/a,,. a8 a function of 
PIP... afforded by Herlofson’s approximation are independent of the speed. 
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It is worth noting that the deceleration of meteors can reach a maximum, 
when the initial velocity is small or the mass is large; this maximum occurs 


x]Xo 
| | | 
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0 1 2 3 4 5 6 7 8 P/p max 
Fig. 2. — Comparison of the exact and approximate equations for meteor speed as 


function of the pressure. w#=v?/12&; æ,—1.875 (v,—15 km/s). Curve a: first approx- 
imation; b: Weiss’ approximation; c: exact solution; d: new approximation. 


for the values x, satisfying the equation: 

(58) = (1 — 2) [B(%) — E(x)], 

which requires #< 1, ie. v< 12, v<~11 km/s. For a great part of the 
meteors, v is greater than 11 km/s during the ablation and the deceleration 


increases until the end of ablation (**%). For the meteors that satisfy (58), 
the value of maximum deceleration a,, is given by 


5 bE COS ¥ <7, 
(59) En = 5 — x 
H(1 = Cm) 


(25) F. VERNIANI: Nuovo Cimento, 14, 938 (1959). 
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Fig. 3. — Comparison of the exact and approximate equations for meteor speed as 


function of the pressure. «—v2/126; 2,=3.333 (v0=20 km/s). Curve a: first approx- 
imation; b: Weiss’ approximation; c: exact solution; d: new approximation. 
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Fig. 4. — Comparison of the exact and approximate equations for meteor speed as 


function of the pressure. 2x=v?/12&; #,=7.500 (v9 =30 km/s). Curve a: first approx- 
imation; 6: Weiss’ approximation; €: exact solution. 
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By solving numerically eq. (58), it is possible to see that, except for the 
slowest meteors, the values of +, are very close to unity: if the initial speed is 


greater than about 30 km/s, 2, exceeds 0.99. 


XXE 


0.112 (Mo=10 gr) 
0.055 (Mo=10° gr) 
0.0075 
3 4 p/p max 


Fig. 5. — Comparison of the exact and approximate equations for meteor speed as 
function of the pressure. ~=v?/12E; 7, =13.333 (v,—40 km/s). Curve a: first approx- 
imation; b: Weiss’ approximation; c: exact solution. 


From the examination of the plotted curves, we may conclude that, for 
meteors slower than about 30 km/s, first approximation completely fails. Con- 
versely, Weyss’ approximation affords a remarkable improvement, particu- 
larly for slow meteors. Therefore it may be accepted that, except for very 
slow meteors; another approximation is clearly needed in this last case. 
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Fig. 6. — Comparison of the exact and approximate equations for meteor speed as 
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Imation; 6; Weiss’ approximation; ce: exact solution. 
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Fig. 7. - Comparison of the exact and approximate equations for meteor speed as 
function of the pressure; æ—v?/12£; x,—30.000 (v,—60 km/s). Curve a: first approx- 
imation; b: Weiss’ approximation; c: exact solution. 
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Recently, at Jodrell Bank (*), serious departures from the theoretical 
height distribution as function of velocity have been experimentally found for 
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Fig. 94. — Comparison of the exact and approximate equations for meteoric deceleration 
as function of the pressure. First approximation: —-—.— . Weiss’ approximation: — — —. 
Exact solution: . New approximation: —.—:—. =20 km/s. 


velocities lower than 30 km/s; while for greater velocities, the agreement be- 
tween theory and experience is quite good: the very slow meteors appear to 
ionize at heights where the atmospheric pressure is less than expected. The 
effect may be easily explained by using eq. (40) instead of eq. (25): following 


(22) Technical (Final) Report, Contract no. AF 61(514)-948, Jodrell Bank (1958). 
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eq. (40), Pra is proportional to 
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instead of simply to v;°; the disagreement shown by the Fig. 4 of the cited 
paper among the experimental points and the theoretical curve is in great 
part removed. 
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For meteors having an initial speed less than (20--25) km/s, we propose 
the following analytical expression in place of (46): 
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Fig. 9e. — Comparison of the exact and approximate equations for meteoric deceleration 
as function of the pressure. First approximation: —-.—. Weiss’ approximation: — — —. 
Exact solution: = 0 _ CORTI: 


where A and B can be regarded as roughly constant: the values that appear 
preferable are A = 2b,/b, B= b,/b?, where b, and b are the functions defined 
by eq. (52) and (55'), the values of which are given in Table I. 
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Fig. 10b. — Comparison of the exact and approximate equations for meteoric radius 

as function of the pressure. First approximation: —-—.— ; Weiss’ approximation: — — —. 
Exact solution: ———. v=40 km/s. 
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Fig. 10e. — Comparison of the exact and approximate equations for meteoric radius 
as function of the pressure. First approximation: —.—-— ; Weiss’ approximation: — — —. 


Exact solution: ———. v,=60 km/s. 


Consequently, for very slow meteors, we reach the following expressions: 


y : = yp 2 Xo + In a = y) (4 +2)/2 
(61) q = Imex 7 È a n È TA RI 
y 1—yp \[ a+) | 
62 ra RE 
Wmax (i Fa + Lo sà In (1 sa se) i 


pP | il ae Wmax A Lot In (1 a (2) 
(63) A = Amax je | 0) No + In (a ii Wmax) ’ 


Be aa 
(64) V = Tmax is Wmax ’ _ 
where 
D En 
, arme) 
( 5) v PPmax PP mox 
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As shown in the figures, the above approximation is close to the exact 
solution, even when p/qp,,,, is relatively large and other approximations fail. 

It is well known that JAccura (1?) has advanced the phenomenon of frag- 
mentation to explane some anomalies in atmospheric densities derived from 
photographic measurements on meteors; obviously when fragmentation is 
present, the preceding theory fails, but, at present is doesn’t seem that frag- 
mentation be widespread amongst faint radio meteors (2988). 


This research has been sponsored in part by the Air Research and De- 
velopment Command, United States Air Force, through the European Office, 
ARDC (Contract AF 61 (052)-227). 


(38) A. A. Wiss: Austr. Journ. Phys., 13, 532 (1960). 


RIASSUNTO 


L’attuale teoria dell’ablazione delle meteore viene esaminata criticamente e, in 
alcuni punti, migliorata. Vengono date espressioni, che approssimano le equazioni 
fondamentali dell’ablazione con maggior precisione di quelle usate correntemente, 
particolarmente utili per meteore a velocità relativamente bassa. Sono proposti nuovi 
metodi per determinare il calore effettivo di ablazione e la densità delle meteore. I risul- 
tati ottenuti usando questi metodi saranno pubblicati prossimamente. 
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Causality and the Lorentz Group (°). 


M. NEUMAN 


Lawrence Radiation La'oratory, University of California - Berkeley, Cal. 


(ricevuto il 18 Luglio 1960) 


Summary. — A definition of causality, different from the one currently 
employed in field theory, is introduced. Its relation to the Lorentz group 
and to relativity theory is clarified. It leads to a reduction of the S-matrix, 
appropriate to dispersion theory, that is not subject to some limitations 
hitherto encountered. The mathematical constructs appearing in the 
course of this reduction are discussed. 


1. — Introduction. 


Among the more promising recent attempts in field theory are those that 
exploit the principle of causality. The matrix element for elastic scattering 
is represented as a Fourier transform of the expectation value of a retarded 
commutator. The latter is then required to vanish for fields with spacelike 
separation. This, together with the assumption of a complete set of positive- 
frequency timelike eigenstates for the displacement operator, leads to inte- 
resting analytic properties of the scattering amplitude ('). In order to deal 
with processes of greater complexity the single-commutator representation 18 
generalized to one with multiple commutators (2). This extension is subject 
to two limitations: there must be no more than two particles in one of the 
states, and the one-particle states are taken to be stable. 

In this article we formulate the principle of causality in a fashion that 
appears to us more apposite to the context in which it is used. Basing 


(‘) Work done under the auspices of the U. S. Atomie Energy Commission. 

(1) H. BREMERMAN, R. OEHME and J. TAYLOR: Phys. Rev., 109, 2178 (1958). 

(2) H. Lewmann, K. Symanzik and W. ZIMMERMAN: Nuovo Cimento, 6, 319 
(1957) (LSZ). 
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ourselves on this definition, we proceed to discuss the relation between caus- 
ality and the Lorentz group. The discussion suggests a reduction of the 
S matrix essentially different from the multiple-commutator representations . 
It is not subject to limitations on the number or stability of particles entering 
into or emerging from a reaction. Casuality so formulated is then shown to 
imply microcausality, a condition on a bilinear form in the Bethe-Selpeter 
amplitudes appropriate to the initial and final states. 


2. — Causality in classical particle mechanics. 


Let a simultaneous configuration of a system of n particles, subject to 
a dynamics D, be specified by 2,4 —=0, 1, 2,3; g,,=1,—1—1,—1, 
s=—1,2,...n). Consider two distinct simultaneous configurations (71), 2(T2) 
which may evolve from each other according to D. Let the D be thought 
of as including the mutual interactions of the particles and the effects of 
external fields. ‘We associate with it a D, which is thought of as excluding 
these and representing the free dynamics of the system. We call the external 
fields and the mutual interactions causal if 2(71) and 2(7,) are also accessible 
from each other by the motion D,. Respecting the nature of the latter, this 
definition has nothing to say. 

Applied to a single particle, whose D, is a forward motion in time con- 
trolled by Newton’s equations, the definition would rule as acausal those 
external fields that result in a later position outside the forward light cone of 
the original. For a D, that admits a forward as well as a backward motion 
in 7, the class of causal external fields might be broader. 

It is difficult to harmonize this denotation of causality with the conno- 
tations and associations the word has collected. A more felicitous term, 
reflecting our anxiety lest certain facets of free motion — to which we are 
addicted — be effaced by interations, would be desiderable. The more so, 
since the range of applicability of the word is now limited to theories with a 
prepossession for sundering interaction effects from the entire motion. 

Does the word, with its common denotative value, have any meaning 
in physics? For a closed dynamical system, unaffected by external forces 
and without hidden degrees of freedom, we believe not. The central problem 
for these systems is that of determinism, rather than causality. We are given 
the law of evolution of the system in the small and inquire what additional 
conditions (initial, final, boundary) must be imposed for the determination 
in the large. More precisely the question — purely mathematical — is whether 
with a certain type of conditions the problem is well set (in the sense of 
Hadamard) and not whether these refer to the past or future. On the other 
hand, in considering systems subject to external agencies we are averse to 
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basing our solution on promises, and account only the past performance of 
the agents. Since latter can be comprehended in a larger closed system and 
codetermined with the system under consideration, the concept may well 
be only ancillary to classical physics. Quantum theory may present a some- 
what different picture, since an observer cannot be co-determined with the 
system he observes and still have any knowledge of it. 

Historically, the theory of relativity was the carrier of an idea, somewhat 
less general and explicit, that comes under the head of our definition of cau- 
sality. We shall give now a crude operational picture of Lorentz invariance, 
unembarrassed by it. Within its frame we shall also fit the definitions and 
discussions of the following sections. 

A physicist has somehow come by an album of sketches of orbits of par- 
ticles. He may have obtained it from observation, by integrating equations 
of motion, or drawn them from his imagination. To a rather exclusive exhibit 
of these he invites that public which sees eye to eye with him on certain 
things. To qualify for an invitation, each one must share his opinions on 
how to calculate lenghts of vectors from their components and agree with 
him on other things to be discussed in the next section. He exposes one of 
his sketches (say a circle) in their view. Each of them reports back his 
distorted impression of this object (to each of them it may appear as a dif- 
ferent ellipse). If he can match each of their distortions with some sketch 
of his album («I have one like it, but it isn’t the one ’m now showing ») 
and if he can do this for every sketch of his album, then his collection is 
invariant under the distortion of this group of viewers. In this formulation 
the invariance of the collection is contingent on the wealth of possibilities 
of motion the album contains within it rather than on any dynamical details. 
This picture is made more precise in the next section. 


3. — Causality in quantum mechanies. 


The homologues of free and interacting classical motions between two 
configurations are the free (4, ... 2 |s|4y --- Yn) and interacting (#,... Cn |S |Y1 Un) 
transition amplitudes. They are not expected to exhibit the specific features 
of point mechanics. Even for a single free field the transition amplitude 


y) = (2, Ao) A*(y) 9) = A"(xy) 


(1) (x 


does not vanish outside the light cone. A general feature of the classical 
situation, closely relating to the Lorentz group, is, however, reflected in 
quantum theory. It is that a free particle can be saddled with a Lorentz 
observer. Our causality requirement restricted the admissible external fields 
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open for the particle to those in which it still may be tamed. We express 
this in quantum language by saying that the free-transition amplitude (æ|s|y) 
admits the Lorentz group and we restrict the admissible interactions to those 
in which (#|S|y) also admits it. In terms of the operational statement of 
the previous section: all those who agree among themselves on how to com- 
pute lengths of vectors do not distort s. To preserve this unanimity, we 
refrain from introducing controversial interactions that would lead to a di- 
stortion of S. 

We now proceed to give mathematical form to the idea of distortion as 
applied to objects of field theory, to list the classes of objects on which the 
Lorentz public must agree by the very nature of relativity theory, and to 
show that S is not included among these classes. 

The representation of a distortion is well known in the theory of groups 
of transformations (*).. Let.g be, some element of such a group. Let F(x) 
be a function of the coordinates æ whose numerical value is specified in a 
certain set of frames of reference. It may be a tensor, spinor, Hilbert space 
vector, or some combination of these. The F as distorted by g, F,, may be 
expressed symbolically in terms of the undistorted F through the relation 
F, =g Fg", understood to mean that we take g on the left of F in those repre- 
sentations that are appropriate to the tensor or spinor character of #, and 
g* on the right in those appropriate to the realization of g on the coordinate 
variable. For a one-parameter (¢) subgroup we denote the latter by x, and 
its inverse by x_,. The infinitesimal representation associated with tensor 
indices is then the matrix J,“,(x) = 0#,"/0x”; the representations s, associated 
with spin and U, with Hilbert space indices are taken, for the moment, as 
independent of J. The distortion of a c-function tensor is then 
(2) g(a) > ga) = Sf è e), 


tn 
a spinor ¢ function is 
(3) W(x) > p(w) = spe.) , 


a spin operator is 


(4) pa > ya) = JE, 8,y'(æ_)s,"! 


1 


a Hilbert space vector is 


(5) Qe) > Qa) = U,2(@-,) 


o) 


(?) J. A. ScHOUTEN: The Ricci-Calculus (Berlin, 1954). 
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a scalar field variable (Hilbert space operator) is 


(6) pa) > p(x) = U,p(a_.) U;* . 


The quantities s and U, in general independent of J and the finite trans- 
formation on x, are in field theory related to these by restricting the class 
of admissible transformations to those which do not distort certain objects. 

We shall list the types of objects that are required to be undistortible 
by Lorentz invariance and show that the transition amplitude is in general 
not included among them. The primary object of this character is the metric 
tensor. Its undistortibility defines the representation of the Lorentz group 
on tensor indices through the requirement g/"(7) = g'"(x). From now on we 
confine ourselves to Minkowski frames in which g is diagonal and independent 
of x. To correlate s to J we also require that the spin operators y" remain 
undistorted, thus defining the spin representations of the group. The Hilbert 
space representation U, is defined by the requirement that all field variables 
g(v) remain undistorted. Since these are the three types of representation 
we need in field theory, Lorentz invariance alone does not compel us to 
postulate any further undistortible objects. In this sense causality, although inti- 
mately connected with the mappings under the Lorentz group, is quite inde- 
pendent of the requirements of relativity theory. 

Let us now consider the state vector 


= 


Q(a, 0) = forts At(x — E) 6, (&) p(E)2, 


oO 


where Q is the vacuum state, fd, 9 = fe, 9— (0, f)g, and p ascalar field operator. 
For a free field this integral is independent of o and may be evaluated with 
x on o to yield w(x) = g*(x) Q. We then have, by (5), 


(8) we) = U, w(¢-4) = Uipt (a1) U, "9 = 9; (&) Q = (2), 


from the requirement that g be not distorted. Relation (8) does not hold 
for a general Q(x, 0). Geometric considerations indicate that (40), regarded 
as a functional of the pseudonormal to the surface o, is different from Q(a, 0) 
Since the transition amplitude is a scalar product of state vectors of this 
type with o + + co, it need not admit the group for transitions involving 
interaction. = 

We shall accordingly reduce S by expanding it in terms of s. The exacting 
demand of admitting the group is then passed on to the coefficients of the 
expansion. These turn out to be bilinear forms in the BS amplitudes. To 
carry out this project, we need three lemmata. The next three sections are 
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devoted to their derivation. The first lemma is also of some intrinsic interest. 
It permits us to compare the reduction scheme of dispersion theory with 
those employed in other approaches to field theory. The second is a device 
for generating elements of s. The third relates to generalized retarded com- 
mutators and implies a certain reciprocity relation for the internal orderings 
of factors in a product of fields. These in turn suggest a view on dispersion 
theory, discussed briefly in the final section. 


4. — Dirac identities. 


The object of the work in this section is to derive the formula on which 
our reduction of the S matrix is based. It is an extension of Dirac’s 
AU ALA" to second quantized systems. In the extended version A°™* 
and A™ are products of outgoing and incoming operators as they occur in 
the construction of the outgoing and incoming state vectors. Two sets of 
quantities corresponding to A™ are defined and have in common with it an 
essential property. A notation requiring somewhat elaborate definitions is 
introduced to make the final expression compact ad explicit. 

We consider a specific matrix element of the scattering operator with 
m >1 incoming and n >1 outgoing, not necessarily distinct, sealar fields. 
Let these be arbitrarily ordered as in 


GTS PW yes) = Se AT NA TO TAI 


where the superscript (+) denotes the positive frequency part of the incoming 
(à) or outgoing (0) field and the vacuum state is assumed to be stable. The 
ordered sequence with repetition in the field variables is now placed in a 
one-to-one correspondence with sequences of field variables without repe- 
tition. These are 4/(a,), 4, (2), ... AX (@m) and B (y), By (ys), «+ By (yn) for the 
field operators of 2, and Q, respectively. A permutation group p on m 
letters is now associated with the A sequence, and q on »# letters with B. 
The domains of the permutations are the identical subscripts of the field 
operator and coordinate variable. A particular permutation p may be de- 
fined by 


(9) PIA;(21), At), As(2s), DOO Ann] = [A ste) - A ,(æ.,), Ae IA A,(x.)] x 


The definition of a multifield operator constructed on a sequence of com- 
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muting operators (like A;) is given by the formulas 


801 A(gx) = I fog Se 
(10) 
srl A (7) = P1A(0,, de, .… Le) = Api (Lp) App) ++. À, (Lys) for 1<s<m. 


The first of these is a convention. In the second, the first equality sign trans- 
lates a compact into a more prolix notation; the second equality explicates 
these in terms of elementary field variables. In words: to construct #4 (x) 
permute the standard sequence by p and form the product of the first s 
elements of the permuted sequence. It will useful to have a notation *”1A'(7) 
for the complement of © A(x): 


(10’) sp1 A! (x) = P1A (Geir, Letay see Pm) = A(Dyçs+1)3 (st) ++ oo) 


The identity permutation is not indicated; thus #1A4(x)= À,(æ,) … A;(0,). We 
also omit the s for s=1; thus ?!A(v)=A,,(#,1). Consistently, then, A(x) =A,(%). 
We note "21A4(x) = "A(x) for all p. By way of example, with p of (9) we have 

1A (00) = Ass) , 

221A (x) = A;3(23) Ay(21) ’ 

371 A (x) = Az(£3) A;(%) Amm) : 


In order to extend these definitions to sequences of non-commuting ope- 
rators we introduce a system of 0 functions. 


s719(¢) =1 TOLSE 40 
(11) = Il oir 3 == dks 
= 6 (ly, | Bp» |... [le |) = 29 (| We |... Ve) TOS eee 

where 
7, (a, |... |e) =1 ira 


— 0 otherwise, 
lg E LOL NN 
— 0 otherwise. 
These are direct generalizations of °0(x) = 0(7,— >), and may be expressed 


in terms of this symbol; thus #0(2) = 0(x,— 2,)0(2, — #3). We associate with 
this set a permutation group æ on $ letters whose domain consists of the 
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subscripts of æ in 0: 


Os) = 00.51 fe | Sin DE È 


From the meaning of these symbols it is readily seen that 


(12) Saia er 


IT 


We now define the multifield operator ‘A, (x) on the ordered set of simple 
operators [A,(2;), As(%), .-- Am(%m)] by the formula 


sPA,(x)=1 Forks 05 
ee) CARE) forim 23 45 


In words: to construct ‘4 apply a p permutation to the sequence, form the 
product #24 of the first s elements from left to right, multiply by an appro- 
priate 0, and sum over all possible temporal arrangements. We note in parti- 
cular the relation 1A, —1A_. If the operators in the sequence commute we 
have ™"A(a) —#1A(x) and, by (12), <?A(x) —‘14(x). Definition (13) then 
includes (10) as a special case. It is the p bracket of Dyson, the + brackets 
of Schwinger, the T product of Wick, the 7 function of LSZ (?), ete., defined 
on the sp subset of the set of m operators. We enriched this collection with 
one more notation, which is handled more smoothly in algebraic manipulations. 

The Dirac definition of the radiation field ./(x) given by the expression 


(14) A(2) = Ae) + (x) 


+ J doy(6) Ale — 8) 0,() ACE) = Ale) + [ICH Ae — à K@)A@)= 4) +40). 


In this expression A4(x) is the radiation kernel appropriate to the A field 
and A the Gordon-Klein operator that annihilates it. To have a more compact 
notation we write 
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where H is, essentially, the Huygens kernel and K relates the radiation field 
to its source. In this notation, an abbreviated form of that in LSZ, Green’s 
theorem for a ¢ function f(x) is 


(150) aK(« — E)f(E) = | | | | awe — 5H 


if f(x) vanishes sufficiently rapidly on the timelike remote surfaces. We adapt 
now one of their principal techniques to extend (15,) to cases in which f is 
replaced by the ordered operators A, of (13). Clearly (15) still holds for 
sA with s=1. For *A with s>1 we need the following versions of Green’s 
theorem: 


(15:) foe. => EA (ry sels Ty-10n) = A4(% Piste Cna) A(@,) — A(x,) À (21 sele T1) ’ 


n 


(15) axe, Fari E) A-(% stele ca) = A(@,) À (a IDO Din) —A_(2, siele Lei) A (an) Q 


By the argument leading to (15,) we have 


” n \ 


fat, — 54 (ay ++ Bp En) = | | PA | 1A. MEI 


£0 


~ … 
EDS Co ED — oo 


and according to (13), 


A (0, ~-. Cr Un) = DO, |---| Pain ay Re At) On A(x) A (x) . 
TT 


We see then that only permutations with fixed a(n) =n and x(1) =” con- 

tribute to the upper and lower limits respectively. Equation (15,) then fol- 

lows from the definitions of A and A. Similar considerations lead to (15-). 
The definitions 


(1601) A(x) = dH (x — E) A(Ë), 
4+o(—0) 
(1661) A(x) = [ax = É) A.(&) 


of the quantities entering into Dirae’s expression are now regarded as par- 
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ticular cases of the more general 


(16a) OAV Gp) = | IH (06 ESA 
Ov) 
+ co (— 00!) 
(16b) DZ. (a) — raze Jed en 


We take the usual asymptotic conditions to hold and therefore do not pro- 
vide the A on the right-hand side of (16a) with an ordering (+). 

Definition (16a) is a direct consequence of (1641). The designation of (16b) 
as a radiation operator is varranted on the ground that, as also in (1601), 
its positive and negative frequency projections vanish in the vacuum state. 
These projections A Aa are obtained through the integral transforms (16) 
with kernels H*, K* in which all the A functions are replaced by A™ or 
all the A functions by 47. Since A is A* + AT, we have 


LATE HS for s=1 
sd ~:dH* "IA for St 
with similar relations for A. The statements 
(17) OR UE Dl OU ea” AI 
obviously hold for s=1 (with the assumed stable vacuum). The (—) + on Q 
in (17) designates a (co) contravariant vector and thus obviates the necessity 


of brackets in denoting scalar products. We shall adhere to this convention. 
Applying X integral transforms to the variables «7... n, in (15), we obtain 


(18,) "4, (0) = 10 (2) Ale) — Ala.) 14 (0), 
(18.) ‘gf (0) = A(m,) IA) — 96 _(@) Ale) : 


The positive-frequency projection of (18,), recursively expandend and sim- 
plified by QUA — 0, yields 
à é : 


Of (x) (Ou = ON 7 0) A*(a,) == Osa D of * (a) AI ARE = 
O- 


Ne Sl GA, ee) ee Oe 


0 Sate 


mq 
Le] 


CAUSALITY AND THE LORENTZ GROUP 453 


The two pairs of expansion formulas for A” and A” are written down as 


(Dia) AIX) = = > (6) > Ala) "Zi (x), 
1 : 
(D,b) mA (= 2 > (o) DE Cia, 
(Da) "A(0) = Di > (6) VA) PA'(X), 
(D,b) "A = = > (9) > tes (2) "A" (ar) 6 


The grouping into pairs is motivated by the fact that from a more detailed 
version of D (with expansions for 2A) it is possible to obtain a completeness 
relation — a bilinear form involving only 4, — for each pair. Let po) 
be the stability subgroup of p that leaves (1, 2, ... 0) invariant and p/o the 
set of equivalence classes of p defined by p(o). Since A and æ are sym- 
metric in their arguments, we may convert the sum over all the elements of 
the group into one over the equivalence classes by the corresponding stability 
subgroup. For (D,a) we then obtain 


me 


I 
(Da) MA (01. Cm) = D SPAM, ee, Uy) AL say +++ Dm) + 


o=0 p/o 


This reduces for m—1 to A(z) = A(&,) + 4401), the correct identity. As- 
sume that (Dia) holds for m—n—1 and multiply both sides from the right 
by Alva): 


n—1 


(19) "A(X, ... Un) = poe PA(H,, 0) PAR 41 ++ En) AC) - 


o=0 plo 


In (19) p is a permutation on n —1 letters. With the aid of (18): 


nd 
(20) MA +. Cn) = > DY PAG Wy) PA His ++ Cna ln) + 
o=0 plo 


2 PA(a,, ce. ©, On) PA (D 313 + Cod) - 


The summation of the first term in the bracket covers the subset of plo on n 
letters that leaves x, alone; of the second its complement. The two may be 
combined into a single term with p/o on n letters and represented in the 
form (Dia) with o running from zero to n. The remaining three expansions 
are deduced in a similar fashion. 


5 
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5. — Free-field commutators. 


In this sections we derive expansions for commutators of free multifield 
operators acting on the vacuum. These expressions identified with either 
incoming or outgoing fields are used in a later section. 

Our starting point is the observation that [A7(#), B*(y)] may be regarded 
as an element of the free-particle s matrix (æ|s|y), and the familiar expansion 


[A (a), BL) BS ye) = BS Gn) = (AS), Be Be yo). Be (Gn) at 


may therefore be rewritten as 


n 


s 


(221) [A (@), By] = Y (els|m)t<B+9) y) “BY (y) . 


all o=0 alo 


The second equality is valid because the s operator between states with dif- 
ferent numbers of fields vanishes. This, and a corresponding relation, may 
therefore be expressed as 


1 a : 
(E°) MES AU a > (0) > ( ated e240) 
7 m : al m OP A—/ op‘ 
(E°) [CA (x), Bry) “zie A '(æ) a |8|y) . 


ay a ino AY ; à 7 
Jontracting EH’, with w_(#,...#,), 04 and E° with w_, w,(y: ... Ym), we get the 


recurrences 


5 n A JE 1 | Te agony qe 
(220) LN eer Dn EE eI) oe 
(22b) Rosy) «Lisa n O) ya I" | OL > s | 
n! lo) Dp | 14) (æ|s|y), 

or — without redundant summations — 
(224) "(als|y}t = > (w|s|y)? (wls|y)" 

qll 
CEL "e|s|y)*= "(|s]y)"2(@|s]y) 

all 
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Ct 
Qt 


The contraction of E° with ©, and E° with ©_ gives 


MA-[p\ n = 1 pi \ 16 m 
(E.) [A (2), “BY(y) lo. = = Do) pero) mot) 
fa) Q 
il m I 
od oli Bi > (0) e (as) dot), 
Mi “G ©) TA 


where m —1 in 7, and n=1 in E_. We shall now show that E is valid 
without this restriction. To insure its validity for m —0, n =0 we inserted 
the terms with the Kronecker deltas. 

In the alternative version, E, states 


(23) (AS (x) lo = > > mois) oO, (y) 0 for = 
G=0 alo 

(238) = > m(a|s ly)o” oo, (Y) for 0<m<n, 
aim 


where we made use of the orthogonality of initial and final states with diffe- 
rent numbers of fields. Assertion (23a) is obviously correct. This is evident 
from the fact that, because of the presence of w,, we can construct a mul- 
tiple commutator of #B*(y) with single A~(x), of which there are enough to 
devour it. To investigate (238) we introduce » > 0, n =m + v and rewrite the 
expression as 


(233') [mA (2), (ot) po] D = > mae | § y)” o,"4(y) : 


q/m 


valid for m — 1 by (21). We assume it to hold for m =» and use recurrence 
(22«') to prove its validity for m =n +1. In extenso, this is 


(290) (yy +, Cota |$ (Us ce Venn) = X (0115 la) (Way ++ Pata |8 1/20) +5 Yan enn) = 


all 


Fi Di (1, SAMI) En |S [ea HA ie) (eis PVO rs 


ain 


by an obvious change in variables, or 


(24) (a, «.-, Cas |Yats teey Ua) Ca; ss Un |s Yagir 3 YA) (Enti | SE, ; 


nin 


where g is any permutation appearing in (2357). Substituting this into the 
right-hand member of the latter for m =n 41, we show, by a sequence of 
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steps, that it is equal to the left: 


DI Gt 


al(n+1) 


= DI (2, DOTE) Xn41 |s Ya DIE) Yamt1)) O4 (Yacn+2y QU UTET) = 


s 


MEA ERO (y) = 


+ > > (21, cs Ln 18 Yu FERA CRA) (C04118|Ynan +13) O+(Yorn+2y9 SR) RE 


al(n +1) s/n 


aa x (di, a) Un Is WE FRI UE) (Canti |s | Ces) D Yontn DEP Wh er) Yorn +v+ y= 
ala(m +1)' 


Ss 


Yonin+ 13) O+(Yorin+2)9 ©) VE 


SCA oil 


ain a/ntn +1) 


<=" SaR 
min 


= ATA); bea. = [tA e), JER "(yy los hi 


We go from the first member to the second by simply expanding the notation; 
from the second to the third, by substituting (24). A simple consideration 
shows the validity of the interchange of the order of summations involved 
in passing from the third to the fourth member. We can see that the q 
summation is carried out as indicated in the fifth by noting its equivalence 
to the action of a destruction operator on a state vector, which leads to 
the sixth. In passing to the seventh we use the hypothesis that the state- 
ment holds for m = n. The transition to the eighth involves an elementary 
manipulation with operators. The same may be done for Æ_. 


6. — Retarded commutators and reciprocities. 


Our goal is to express an arbitrary element of the scattering operator by 
single retarded commutators of multiple fields. One of the factors of the 
commutator is constructed on Heisenberg operators of the initial, and the 
other, of the final state. The Dirac identities provide the link between the 
incoming and outgoing fields and these factors. In arriving at the Dirac 
identifies we introduced into the expansions (D) for mA, FA internal orderings 
(+) of the fields pertaining to the initial and final states. These have no 
physical basis and should not appear in any physically significant context. 
In this section we derive reciprocity relations which indicate that this is 
indeed so, and that the only relevant temporal order is that of the initial 
relative to the final state. To express this order we need another @ symbol, 


m (i ji 


Oly)" = (a, ..., Gm lF|Yr, +, Yn) = 1, if wf is less than y? 


for all 1<i<m, 1<j<n, 


== 0) fii not; 


= 


I 


Qt 
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with the obvious composition law 
(25) ™(a|0|y)"=(a,|0 |y)" (2. 10 |y)" … (@m|O|y)"=™(a 10 | yr) ™(@ |B | Ye) TARN PAR 


We start with the identities 
(261) ["A'x), "EF (y)|=(— yf 9K — &)"(E\0 yy A)" A’, (E), “F(y)] , 
(261) (At), "F(y)] = (— faute — 5)°(E|0|yy"[TA(6) A (2), "FYI, 


260.) |" E(x), "B(y)] = [taxa —n)" (x l0|n) [°F (x), “Bs(n) B'(y)], 


n_-o 


(260) ["F(x), "By)] = | dK'(y — n) "(219 |)? "F(@), " By)" BE (1, 


where "F(x) = F(a, ..., %,) is an operator depending on the indicated coor- 
dinates. They express the commutator of an incoming or outgoing field with 
an arbitrary field as an integral transform of a retarded commutator. One 
of its factors has a part in which the initial or final fields are internally (+) 
ordered. This order depends on the position the fields occupy relative to the 
unordered part. With the devices of LSZ their derivation is quite simple. 
We illustrate it by indicating the essential steps that lead to (26%): 


(27) DA), "Hy = | aH (ar — à) LAE) A), "FON = 


= —|dK(a,— &)(&|0\y)" LA(E) 4), “FT. 


In going from the second to the third member we ordered &, relative to the 
set of y’s by means of the 0 symbol. With this symbol in, we could with 
impunity add a surface integral at oo and apply Green’s theorem. The 


next step is 

(28) {A(&s) 4), “Fy)] = | dH (0, — &) [A(E) A(E) 2A (2), "F(y)] = 
= Jarre E,)(&|0\y)" [A,(E,) Ae (6) “Al (a), "F(y)] — 
— | AH (or, — Es) (E> [6 |y)" LA: (é) A(é) 4), "(1 = 


— —| dK (#,— &2)(&|0|y)"[A-(E162) 24/2), “#(y)], 


= 29 - Il Nuovo Cimento. 
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where the third member is obtained from the second by equipping it with 
a 0 factor and substracting a null surface integral at +oo, with the order 
of the A(é) reversed. The fourth member is obtained from the third on the 
basis of the observation that the order of the A(£)s in the surface integrals 
corresponds to that of A_(&&,). Substituting (28) into the last member of 
(27), we notice that the 9 factors combine according to (25), and the resulting 
identity is (26%) with o = 2. 

We now take o —m in (26%) and o = n in (260). From this we deduce 


(29) | aK (a — £)*(E\0|y)"["4+(), "FY)] = frana MA "FO 


and a similar equation involving B with identical content; the (+) ordering 
is immaterial for the transform of the retarded commutator. Identities (26) 
may then by rewritten as 


(30%) (-1)°["A(2), “F(y)] = fra EVA EEE) 
(300) O "B(y)} = fra ye anon)" Cr) 2B One 


where we omitted the otiose subscripts of "A(É) and *B(7). This accords 
with the fact that À and B are unordered. Substituting "#(x) = "A, (x), 
"F(y) ="B,(y) into (30) and subjecting both sides to the K transform whose 
domains is y in (307) and « in (300), we obtain, with (16D), 


(1) (— 1)" ["A(a), 4 J'ate a6) AK (yen ee On) Ale Bye 


(810) ["Z4(x), "B(y)] = [Parte 5 dK(y — 4)” (610 \n)" ("A (E), "Biy)], 


where the (-£) in the retarded commutator has been dropped by invoking (29). 

The right-hand member of (31-7), identical with that of (31-0), and inde- 
pendent of the internal ordering of the A’s and B’s, plays a significant role 
in the next section. Of direct physical interest will be 


(82) ™(a|r\y)" = frate (0 — E) AK (y — n)" (£]0|n)"Q_[MA(£), "B(M)]Q 


This integral transform (with AK~ on the initial, K* on the final state) of 
the retarded commutator in the vacuum state is referred to as its projection 
unto the mass shall. Here we eliminate it between the (i) and (0) to obtain 


NRC 
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two sets of reciprocity relations. The first, 


[mA (0), "B(y)| > [mA (2), "B_(y)| ’ 


(33) 

["4,(0), "B(y)] = [mf _(a), "B)], 
states that the unordered character of A and B renders the ordering of the 
radiation operators with which they are commuted immaterial. A single 
denotation in the commutator then does for both orderings. The second, 


(34) ["24(0), "B()] = (DA (0), "A, 


relates the commutator of a radiation operator with an outgoing field to that 
of an incoming. 


7. — Reduction of VS. 


With the material of the preceding three sections this is done quite simply 
We put 


(35) map LS ly)" = Qi" Aa)" Boy) 10%, = dr (x) x) n Bry y)] Qi se Omo Die 


where we added a Kronecker delta term to make the equality sign hold for 
all non-negative integers m,n. Substituting (Dia) for B, we have 


(36) “els = 30 0) SOLA), “BM MO + 


1 } : D! Sn 
+7 2 (0) > 9-89) [MA (0), MB (y) 12. + 0007, 


Q qd 
where (33) was used to drop the + ordering subscript from the # in the com- 
mutator of the second term of the right-hand member. We now identify 
A, B with the free fields of Æ_ and use this relation to substitute for the 
commutator in the first term, with the simple result 


(37) *(ne|S|y)" = pi > (a) (0) ne | |s19)20-747(a eZ +(y)Q:, 
because we have 
(38) spal yy Q_“B*y) [CA (x), “2'(9)] 24 + 
1 
oo = D ae Q_TA(x) D) Ou 0. 
‘0 q 
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The last term of (38) comes from the «boundary term » from H_. To verify 
(38), observe that the only contribution to the @ sum of the first and last 
term is from 9 = 0; the middle combines with the last to give a commutator 
that cancels the first. The A in (37) is now commuted with the Z (with 
the addition of another Kronecker delta term) and this commutator [A (x 

B'(y)] is just the 7 defined by (32). The expansion 


Slay" =" els (y — 4 > SD ONE ee la) (els |)" 


(39a) "(x 1 
AR Airola 


is obtained after some trivial changes in the summation variables. An alter- 
native procedure is to first express the incoming field by means of (D,b) in 
terms of the outgoing and then have recourse to Æ,. In this scheme one 
has, in the final stage, vacuum expectation values of commutators of the 
type [./ (x), B*(y)]. Reciprocity (34) then indicates that the result is the 
same by virtue of an operator identity. 

Without redundant sums and symmetrizations, (39a) states 


u(m, n) 


(39D) m(x|S|y)* = ™(x\s|y)* + (—1)" Y (—1) > > æ|s 


o=0 pio 


RE 


Y) Neg hat (æ|T|y) 


where we make use of the orthogonality of initial and final states for the 
free s matrix. The 4 associated with the upper limit of the summation 
means «the lesser of». Such explicit indications of limits are not needed in 
the representations with binomial coefficients. It is this accident that recom- 
mends them for certain tasks. Expression (39b) is, however, more convenient 
for generating particular expansion of S in terms of s. We see from (32) 
that we have °t" = "7° = Ofor all m and n. As a test of the algebraic con- 
sistency of the formula, we also note that 


(400) "(|S |y)® = 6 and (2) S{y)° =o" 


follow from this property of 7. For the simplest processes — decays — the 
expansions are 


(v|S|y) = (æ|s]y) — (s|7]y), 
(40,) 
(018 [Yr Ya ++ Yn) = — (#7 Yi + Yn) for Se 


With two fields in the initial state the various possibilities in the final are 
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indicated in 


Cas 19) = (ware | |) , 
(0,9 |S|Y1Y2) = (Mi%2 18] Yr Yo) + (2, |T|Y1%2) — (18 (ya) (#2 [T | Ye) — ++, 
(40) 
(0,0, LS TU Ya ee Yn) = (ML |T [41 Yo ee Yn) — (2 |S |41) (de Ul Yor atl pi) oe 
former 


The presence of one-to-one particle-transition terms should be noted. They 
do not appear in a properly renormalized theory that deals only with stable 
particles. 

The combinational sense of the expansion is evident. A game which m 
particles enter and n leave is played according to all possible arrangements 
of spectators and participants. Throughout each engagement (each term of 
the expansion) the spectators maintain their number and identity; players 
may be lost in or new ones emerge from the scuffle. Since preponderantly 
spectator sports do not seem to be popular at high energies, the expansion 
does not signify. 

We now discuss the relation of the reduction (39) to other reductions of 
the S matrix. The idea is an old one; its nearest classical correlative is, 
perhaps, found in the work of Dirac. The energy (power) radiated by a 
charge distribution may be calculated from the time integral (average for 
discrete lines) of the surface integral of the Poynting vector at a surface 
remote from the source. By defining a radiation field inside the charge distri- 
bution this author was able to transform the asymptotic representation into 
a space-time integral over the charge. This operation corresponds to dH > dk 
integration. Most of the perturbation treatments of scattering that favor the 
Heisenberg picture follow this impulse of Dirac rather closely. They are 
equivalent to the use of (D,a) to obtain 


> mi © ] —m 044 q 
(41i) Sue Se )> 2 (a) Bt (y) “0'+ (y), 
ie : 


where the expectation of the (—) ordered radiation fields (earlier times to the 
right) is taken in states constructed of incoming fields. The observation that 
the other choice would be just as good is equivalent to the use of (Db), 
which gives 


; * 1) 1 SD n 
(410) * 8 | yy” = ( a Y (0 < > d QU (x) (a ) 924 (Y) : 
c (o) p 


The joint use of (D,a) and (D,b) produces a complete reversal of fields: 


ee : — ] à om Voi q x) eq of LA 
ir) nS yy? = Cs 1B) S OM) MM (0). 


min) so ar 
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We are not aware of any past use of this representation. It should be noted 
that the (+) order is pertinent to (41). Somewhat outside all this is the 
Green’s-function formalism of Schwinger. Its reflection in the S-matrix con- 
text amounts to an indiscriminate single ordering of all fields, initial and 
final. What distinguishes the reduction used in dispersion work from the 
others is the reciprocity (34) that enables us to omit the (+) subscript; it 
on the other hand, decidedly emphatic in its discrimination between initial 


is, 
and final states. 

The development of this article followed, too, the path of Dirac, but had 
a particular orientation: it sought to express S in terms of s. Prompted by 
the simple observation that a matrix element of s — a c-number — could 
be identified with a commutator — a function on g numbers — of mul- 
tiple fields, it proceeded to generate the former by means of the latter (£). 
To contrive a mutual confrontation in S of the two factors of this commu- 
tator it augmented the number of Dirac identities (D,b, D,a) that may be 
used in perturbation treatments with two more (D,a, D,b). The elements 
of t were generated in the course of this confrontation. 


8. — Microcausality. 


We assume the existence of a complete, 


= 276 )* 


= th 
(42) x faro, ay AE 26) GO ual Ks, 40) ot) cla 
orthonormal, 


(43) 7 e410) AE 2)o (fou (Ro) AT (ke, 2’) ol 90", 06) 


= (29)*o(%, x) A*(k, x) 6(k — kh’) 6(x2 — x'2) 6 


ceo’ 9 


set of eigenstates w(k, «) of the Hilbert-space representation U? of the displa- 
cement group D, 


(44) U, w(k, a) = exp [— tka]a,(k, 2) 
undistorted by mappings of the Lorentz group 
(45) Oka o(k, «) = Uf/0(k,, «) = w(k, a) . 


Completeness (42) and orthonormality (43) have been stated in terms of two 
distributions, rather than proper functions, in order to evidence their cova- 
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riant character. These are o(x, x), (the spectral density of the masses) and 
AM (ke, x) = 270 0(k) 0(k? — x? 

A™(k, x) = 22 0(k) o( #2), 


the Fourier transform of the familiar A*(x). All other quantum numbers 
needed for the definition of a state have been designated by x. Orthogonality 
in these is indicated bv a dimensionless Kronecker delta to accord with the 
fact that in (42) © must have the dimension of length. Assumptions (42) 
and (43) imply the possibility of expanding an arbitrary element 2, of the 
Hilbert space 


(46a) oe af col, 2) A'(H, x) ox, æ) pli, à), 
with | 

(460) oli, a) AU, x)[p(k, à) — o(K, a) 4] = 0, 
(46b_) o(x, a) A*(k, x)[ p(k, a) — Q_— w4(k, «)] = 0 


for contravariant and covariant Hilbert-space vectors, respectively. 
Expanding "A, (2)0,(k, «) and w_(k, a)"A (x), we denote the vacuum com- 
ponents of these vectors, the Bethe-Salpeter amplitudes (+), by 


(47+) mapi (0; k, a) = w_(k, x) mA (%)@+, 


(47_) my (a; k, a) = w_ "A (0) 04(k, à) . 


Under a Lorentz mapping we have 
my (a k, a) my i (0, Ky à) = ™p (Dt, Key &) , 
and with (47_) and (45) obtain 
(48) my (a, k, a) = DA OI 
It is evident from (48) that y°s admit the Lorentz group trivially, for m=0; 
by virtue of the defining equation (6) of the U“ representation, for m = 1 


but, in general, not for higher m, we can write 


(49) REA forme 0, 14) 


(4) K. NisHIJIiMAa: Progr. Theor. Phys. (Kyoto), 12, 279 (1954). 
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For the displacement group, because the fields are ordered relative to each 


other, we have, for all m, 


US mA, (x = a) (ieee, —_ mA (x) 


and therefore 


(50) mpl =", for all m (D) 


To obtain a differential version of (50) we define 


and deduce from (47), (48), and the well-known exponential representation of U? 


(51) à "OT (xe) At (ka) ™p* (a, ka) = + k, o(xa) AT(k, x) ™p*(a, ka), 


us 


which indicates that 04*y* and oA*y- are the positive and negative frequency 
functions satisfying the generalized Gordon-Klein equation 


(52G,) GERA (tp Lo) 101 


The definition of t may now be given in terms of the B7S amplitudes: 


(53) "(elly = | "AH (a — é) AE (y — n)" (E|0 [ny ™(E|D In)", 


Py 


d+k 


291) AK, x) 


(54) ENB DY) Sax o(x, a |. 


x è 


A LE 7 


pre, k, a)"p*(y, k, a) — "pt, k, x) "p-(u, k, æ)], 


where y pertains to the initial, g to the final state. The (+) ordering sub- 
scripts of y and g have been omitted in accordance with (32). For the special 
case m=n= 1, this reduces to the well-known bilinear representation of 
the radiation kernel, vanishing for (cr — y)? << 0 and admitting the Lorentz 
group. The latter property is an immediate consequence of (49), and because 
of the restricted validity of this equation, need not hold for other m and n. 
The implications of the requirement that S admit the Lorentz group are now 
plain. Since s admits the group, this burden is shifted to t. An inspection 
of (53) indicates that the radiation kernel D with an arbitrary number of 
initial and final particles must conform in its basic properties to that of a 
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single particle: 


(a) ™(@|D\y)* must admit the Lorentz group for all m, n; 


(b) ™(ax|D\y)" =0 if (#,—y;)? is less than 0 for any i = 1...mM,1 j=1M% 


That the physically significant quantity, 7, evinces no interest in our nice 
distinctions between the + and — order is suggestive. Let us imagine that 
we expanded the single equation (52G,) into an set (GQ, Gi, --- Gs... aL), Whose 
solutions are p’s equivalent to the definition (47) of y in terms of expectation 
values of ordered operators. The @s of this set are differential equations 
coupling the various amplitudes, and the a, denotes statements of asymptotic 
conditions, which descriminate between the orderings. Since they are irre- 
levant to t, one is tempted to replace them by a set (b) of boundary con- 
ditions; that is, statements of the asymptotie behavior of the solutions ™y() 
of the system (G,, sa G, ...b) for large specelike separations of the arguments. 
The primes of the G indicate that these boundary conditions might be more 
simply expressed for certain linear combinations of y (the Tamm-Dancoff 
wave functions, say, rather than the Bethe-Salpeter amplitudes) (1). It is 
not unreasonable to expect that these boundary conditions could be satisfied 
only for certain values of x and thus determine o(x) in terms of a few ele- 
mentary masses. The wave functions obtained from solving this set could 
also be used to construct the bilinear form (54). 

This suggests the view that it is the wave mechanics (Gb) that is the sub- 
stantial part of quantum theory of fields: manipulations with operators are 
merely an umbral calculus to generate the mechanics. This descriptive term, 
borrowed from combinational analysis, implies there that the analytic behavior 
of the generating functions is irrelevant to the final result, the correct enu- 
meration of things. One might perhaps adopt a similar view that the precise 
conditions imposed on field operators are not particularly germane to the 
substantial part of field theory. This mechanics finds its inchoate expression, 
at the moment, in dispersion theory. In it, an attempt is made to exploit 
one of the facets of the mechanics, the vanishing of a bilinear form on the 
wave functions in certain regions and the existence of a mass spectrum with 


positive frequencies. 


9. — Summary. 


An arbitrary element of S may be expanded in terms of elements of s 
with elements of r as coefficients. 

The elements of + are mass-shell projections of a retarded generalized 
Green’s function which is a product of a retardation factor ordering the final 
relative to the initial state, and a generalized radiation kernel D. 
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The kernel D is a bilinear form in the BS amplitudes, appropriate to the 
initial and final states. 

The internal ordering of the fields of the initial and final states entering 
into the definition of the BS amplitudes in terms of matrix elements of 
products of operators is immaterial for D. 

The requirement that S follow the example set by s in admitting the 
Lorentz group (causality) leads to the condition that ”D"* conform to the 
pattern established by the single-field kernel 1D! in admitting the group 
and in vanishing for spacelike separations of the initial and final states (micro- 
causality). 


The author enjoyed a conversation with Dr. GEOFFREY CHEW regarding 
matters treated in this article. 


RIASSUNTO (’) 


Si introduce una definizione della causalita, differente da quella adoperata usual- 
mente nella teoria dei campi. Si pone in chiaro la sua relazione con il gruppo di 
Lorentz e con la teoria della relativita. Essa porta ad una riduzione della matrice S, 
adatta alla teoria della dispersione, che elimina alcune delle limitazioni incontrate 
sinora. Si discutono le formule matematiche che compaiono nel corso di questa 
riduzione. 


(*) Traduzione a cura della Redazione. 


466 


IL NUOVO CIMENTO MOTI RENE lo Febbraio 1961 


= +p Elastic Scattering at 1200 MeV. 


L. BERTANZA, R. CARRARA, A. DRAGO, P. FRANZINI, I. MANNELLI, 
G. V. SILVESTRINI and P. H. STOKER (*) 


Istituto di Fisica dell’ Universita - Pisa 
Istituto Nazionale di Fisica Nucleare - Sezione di Pisa 


(ricevuto il 23 Luglio 1960) 


Summary. — A bubble chamber investigation of 7° +p elastic scattering 
at 1200 MeV (K.E.) is reported. The total and differential cross-sections 
are determined. By extrapolation of the angular distribution, the 0° 
cross-section is derived and compared with the results obtained with the 
help of the dispersion relations and the optical theorem. The forward 
peak is investigated in terms of diffraction scattering and a value for the 
optical radius is derived. 


1. — Introduction. 


11. — In this paper we report some experimental results concerning an 
investigation of ~~-+p elastic scattering ina propane bubble chamber (~ 30 cm 
in diameter and — 21 cm in depth, provided with a 13.4 kG magnetic field) 
exposed to a 1200 MeV (K.E.) 7 beam at the Brookhaven cosmotron (™). 

In Section 2 the method used in the analysis is presented and the problem 
of carbon contamination is studied. In Section 3 the angular distribution and 
the total cross-section are discussed. 


(*) On leave of absence from the Poftchestroom University, South Africa. 

(*) For details on the arrangement of beam and exposure see F. EIsLER et al. (*). 

(1) F. EisLer, R. PLANO, A. PRODELL, N. Samros, M. Scawartz, P. Bassi, V. Bo- 
RELLI, G. Puppr, H. TANAKA, P. WALOSCHEK, V. ZoBozr, M. ConveRrsI, P. FRANZINI, 
I. Manner, R. SANTANGELO and G. V. SILVESTRINI: Nuovo Cimento, 10, 468 (1958). 
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2. — Method of analysis. 


2°1. Beam energy. — ™-p elastic scatterings appear as two-prong stars pro- 
duced by the incident mesons, and must be separated from the other events 
found in the chamber. For this purpose it is useful to have a careful deter- 
mination of the pion beam energy. This was determined from a study of 
35 events of charged strange particles (27, K*) production, which were obtained 
in the same exposure. From the kinematical data on these events, the mean 
energy of the incident pions was found to be (1204 +8) MeV. The energy 
spread was limited by the collimation system to + 1%. These figures are con- 


firmed by the present analysis of the elastic scattering events. 


22. Fiducial region. — Since the detection efficiency of the events depends 
on the length of the tracks and therefore on the position in the chamber, we 
have chosen in it a fiducial region and have based all results only on the events 
whose vertices fall within the acceptance volume. The minimal potential path 
for a track was required to be 8 cm (in the 1.857 magnified reprojection). 


i 
H—Acceptance region (R J 


No of events inR _654 _ 98 
Total no of events 669 — 
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No of events per 2 cm (in the1857 magnified reprojection ) 


Fig. la. — Distribution in depth of 669 elastic events. 


In Fig. la and 1b the distributions in depth of 669 elastic events and of 
552 stars are reported. 


The detection efficiency seems uniform in the volume of the fiducial region. 
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Fig. 1b. — Distribution in depth of 552 stars. 
93. Selection criteria. — A star with two prongs of opposite charges is ac- 


cepted as an elastic scattering by a free proton when the following conditions 
are satisfied within the measurement errors (which depend on the length and 
orientation of the tracks, on the plane of the event, ecc.). 


1) It must be coplanar. 


2) a) the angles 6, and 0, which the directions of the scattered pion 
and the recoil proton form with the direction of the incident meson; 
b) the momenta of the emerging particles calculated by magnetic 
curvature measurements ; 
c) the ranges of the protons which stop inside the chamber (*), 
must be consistent with the kinematics of the process. 


3) Bubble density and multiple scattering must be qualitatively con- 
sistent with the expected ones. 


24. Contamination. — The events which we have thus selected include 
also a contamination of spurious events—such as carbon events or hydrogen 
inelastic events—which simulate the elastic hydrogen scattering. The ob- 
served distributions of the relevant dynamical parameters referred both to 
the «elastic » as well as to the « rejected » events gave us a method with which 
to calculate this contamination. 


(*) At this energy elastically scattered pions do not stop inside. the chamber. 
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In order to do that we have selected at random a sample of 532 two-branch 
stars, with the requirement that the two secondary particles had opposite 
charges. 

For each event we evaluated: 


a) the «non-coplanarity », defined as the angle 7 between the direction 
of the incident particle and the plane of the emerging ones; b) the minimal 
distance d in degrees between the point representing each event in the plane 
0., 0, and the curve, which correlates these angles for the 7~-p elastic scat- 
tering at the given energy (Fig. 2). In Fig. 3 and 4 the distributions vs. 7 


Phe 
90° 


130° 120° 110° 100 90° 80 70° 60° 50° 40° 30 20° 10 O° 
tilab 


Fig. 2. — A portion of the kinematic curve giving the recoil proton angle as a function 
of the pion scattering angle for incoming pions of 1200 MeV (K.E.). 


and d of the elastic events are given. It is seen that 156 and 165 of the 

174 elastic events occur respectively in the intervals 0°< n= 2) and 0° aid 223 

and that 166 and 173 occur in the intervals 0°< Wo 37 ander adi The 

corresponding distributions for the rejected events are given in Fig. 5 and 6. 
In the same intervals, e.g. 


(o) We RS 7 
or 
(P) Orde HERO 
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also some of the rejected events fall. Let d, be the number of rejected events 
satisfying condition (x) for the d parameter; and 7, the analogous number 


140} 
120+ 120 
100+ 100 
= 80+ 174 events = 80- 174 events 
= N 
a a 
Ss 60+ 60 
© 
2 = 
= 40+ 40t 
20. 20. 
IS 1 1 1 1 L 1 1 
de o, 22 an PAU 5° 6° 7) Où ie 20 chy 4° 5° 6° d 
Fig. 3. — Distribution vs. « non-coplana- Fig. 4. — Distribution vs. d of the elastic 
rity » 7 of the elastic events. events. 


for 7. If R is the total number of rejected events, then 
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Fig. 5. — Distribution vs. «non-@oplanarity » 7 of 358 rejected events. 


can be taken as the probability that a non-elastic event satisfies condition (x). 


Similarly one can reason for condition (/). 


71 


472 L. BERTANZA, R. CARRARA, A. DRAGO, P. FRANZINI, I. MANNELIT ECC. 
Introducing the numbers thus found (see Fig. 5 and 6) we obtained 


| Reg 200 
Ca S358. 3587 


in case (x), and 


(B') Pp =a 


in case (B) (*). 


x 
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= 40F 1! 
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(Des 10° 20° 30% 40° 50° d 
Fig. 6. — Distribution vs. d of 358 rejected events. 


From («’) and (6') we obtain a contamination of 8 and 15.6 events respec- 
tively. By subtraction of the number of events satisfying criteria 1) and 2a) 
but rejected by means of the other criteria, we obtain a net number of 2 events 
in case (x) and 2.6 in case (6). These figures correspond to contaminations of 
(1.2 + 1.7)% in case (x) and (1.5 + 2.6)% in case (6), which coincide within 
the errors. The last result will be taken in the following as a measure of con- 
tamination. 


2°5. Scanning bias. — The detection efficiency is uniform in the acceptance 
volume, but depends on the features of the event, e.g. events with a short 
recoil are hardly recognized. For this reason we have rejected all the events 
with a recoil corresponding to a C.M. scattering angle smaller than arcos .965. 


(*) Actually d,/R and »,/R are not necessarily independent and the results are not 
entirely justified. Anyway, for the evaluation of contamination some assumption or 
extrapolation must be made, and because of the low value of the contamination a 
more rigorous calculation is not required. 


a 
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The detection efficiency depends also on the orientation of the plane of 


the event, 7.e. on the angle g between this plane and a plane parallel to the 
glass windows. Im Fig. 7 the distributions of the elastic events vs. g for the 
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Fig. 7. — Distribution of the elastic events, vs. @ (azimuthal angle of the plane of the 
events around the line of flight of the incident track), for three C.M. scattering angle 
intervals. 


C.M. scattering angle intervals are reported. Only the ranges of g in which 
they are approximately uniform have been considered for the results. In this 
manner we disregard a number of events (which generally are also not well 
measurable), but we have more confidence in the results. Accordingly, a cor- 
rection factor (2; 3; and 2 in the three cases shown) will be included in the 
final results. Another slight correction is derived in the usual way by com- 
parison between the number of events detected by different scanners. 


2°6. Total track length. — To determinate the total track length, we measured 
the projected lengths of all the « beam » tracks inside the acceptance region 
in every 100-th picture. Only tracks, forming with the mean direction of the 
beam a projected angle x smaller than 1°.5 have been counted. The distri- 
bution vs. « of 193 accepted tracks is given in Fig. 8-a). The corresponding 
distribution for 491 tracks of particles suffering an elastic scattering is given 
in Fig. 8b). The dip angle of every beam track with « larger than 0°.5 has 
been measured and only the tracks, for which it was found to be 0° within 
the errors, have been counted. The total path length turns out to be 
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(30.47 + .7 9)-10° cm. From this number the muon and electron track lengths 
have to be subtracted. The muon contamination is estimated as (6 + A) ce 
the electron contamination has been ignored (?). The corrected track length 


is then determined as L= (28.64 +1.37)-10° cm. 
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Fig. 8. — a) Distribution of 193 beam tracks (not suffering scattering) vs. x (projected 
angle of a track with the mean direction of the beam). 6) Distribution vs. & of 491 
tracks of particles suffering an elastic scattering. 


3. — Results. 


31. Angular distribution. — In Table I the numbers of observed events 
in 23 intervals of cos@,,,, and the corresponding numbers corrected for the 


scanning bias are reported together with their statistical errors. Fig. 9 gives. 


the corrected angular distribution, normalized to 12 mb (as it will be deter- 
mined in Section 3°2). 
It may be written as 


do 2 : 
hai 4 >, 4; COS Oo. , 


z=0 


(2) R. Coox, O. Prccronr and D. CLARK: Phys. Rev., 103, 1082 (1956). 
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cos Oo Intervals N, TAR x | N Corrected 
i x of cos Oo. of @ ea 4 | errors 
9325 .965 = .900 185 0° = 45° 560.2 (57200 pee 
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N: no. of events per A cos 0g.y,= -1 and Ag = 90° corrected for detection efficiency. 
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where the coefficients a; are determined by a least squares method and the 
polynomial degree n by a «goodness test» of the fits with various n. The 
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Fig. 9. — Corrected differential cross-section. 


« goodness test » is made by plotting the quantity 


are n N [Y(x,) n Vo 
” M VE prato) 


vs. the polynomial degree n, and looking at its minimal value. In formula (y) 
Y(x,) are the values of the polynomial for cos 0; x. = 


æ,, Y, the corresponding 
measured values, P(x,) the weight assigned to each experimental point (*), 
N the number of the intervals in which the range (.965--1) for cos 6,,, has 
been divided. In Table II the coefficients a,, their errors (*), and the values | 


(*) In each interval, the weights have been assumed proportional to the corres- 
ponding inverse squared errors. 


(*) The statistical errors and the errors in the determination of the detection effi- 
ciency have been considered for this calculation. 
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of M (in arbitrary units) are given for various n. 
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The minimum value of M 


is obtained for n —9; the corresponding polynomial is reported in Fig. 9 to- 
gether with the experimental results. 


are given. 


eh 


TABLE IL 
n a; (mb/sr) M n U; en M 
È = UE Bee x y 
6 235 04 1.287 9 DTA 1.024 
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SENESI SL 700 
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| 6.10: 125935" | 13.26 + 5.73 
SARE on Si 
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ai e reni and 47.99 + 28.75 
7 DR 04. 1.197 12.31 + 8.09 
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| 3.76 + 2.42 TRAME 
LI LITI A SE = 17392 wh 
| 1.74 + 2.29 9.08 + 3.94 
7.39 + 3.95 6.44 + 13.35 
ae | — 28.03 -L 18.67 
Some 27 04 | 1.045 8.37 + 47.87 
Lee 79 JE à 40.05 32.69 
2258.4 (+90 — 27.34 + 70.21 
5.56 + 1.80 1581-1873 
15.79 + 548 | 20.21 + 35.54 
—11.57 5.09 
— 94,61 + 11.24 
12,27 + 4.01 
17.22 + 7.22 


In Table III some values of Y (for n —9) and the corresponding errors 


Tage LII 


Li COs dc. Yi) | X = COS Or. 
1 10.16 + 1.66 =| 0 0 04 
.950 7.59 + .66 | == 200 .33 + .04 
.850 Pecans. lle NO .20 + .04 
.700 1260.12 | = .600 38 + .06 
.500 Ile == 800 .55 + .08 
.300 06-22 0a == I 1.04 + .45 
~ 
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From these data we can calculate the laboratory cross-section at 0° 
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The absolute error would be increased to 
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| = (39.4 + 6.4) mb/sr. 
lab 


+ 6.8 mb/sr by taking into account 


the errors in the total path length, density and contamination. In Fig. 10 
the determined forward cross-section is compared with the results obtained 
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by S. Bereta et al, (°) with the help of the dispersion relations assuming for 
the 7-p interaction coupling constant the values f?=.08 and f?=.1. 

If the elastic scattering could be interpreted as only shadow scattering, 
the angular distribution would be given by 


d 
(6) = 


dQ NG KR sin Fara 


10. — Lab. forward cross-section as a function of the incoming pion energy. The 
points « I » were obtained by S. BERGIA et al. (?) extrapolating the data of R. R. 
CRITTENDEN et al. (4). 


FARSI 


dl 
1000 kinetic energy MeV 


where K and R are respectively the pion wave number in the C.M. system and 


the optical radius. 


(3) S. BERGIA, L. Bertoccut, V. BorELLI, G. BRAUTTI, L. CHERSOVANI, L. LAVA- 
TELLI, A. MixGuzzi-RANzI, R. Tost, P. WaroscHeKg and V. Zosori: Nuovo Cimento, 


15, 551 (1960). 


(4) R. R. CRITTENDEN, J. H. Scanprerr, W. D. SHePHARD, W. D. WALKER and | 


J. BALLAM: Phys. Rev. Lett., 2, 121 (1959). 
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We do not expect equation (6) to fit the experimental data, precisely except 
perhaps at the small angles, where the contribution of the diffraction scat- 
tering is probably high. Fig. 11 gives curve (6) for R= 1.08-1071 em (the 
same value as obtained by M. CHRÉTIEN et al. (5) at 1300 MeV). 


SE 
i 195) Do 5 + HS fl @ “46 55 cs cm 


Fig. 11. — Differential cross-section at small angles. The dashed line is a black-sphere 
diffraction pattern for R = 1.08 -10-15 em. 


Following Iro et al. (°), we get from this figure an «effective angular mo- 
mentum », 


Finally, we observe (Fig. 12) that the disappearance at high energies of 
the backward «bump », already noticed by O. PICCIONI (’), is confirmed. 


(5) M. CHRÉTIEN, J. LEITNER, N. P. Samros, M. Scuwartz and J. STEINBERGER: 
Phys. Rev. 108, 383 (1957). 

(6) D. Ivo, S. Minami and H. TANAKA: Nuovo Cimento, 9, 208 (1958). 

(7) O. Piccioni: 1958 Annual International Conference on High Energy Physics at 
CERN, p. 65, edited by B. FERRETTI (CERN, Geneva, 1958). 
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Fig. 12. — Angular distributions at three energies showing the disappearance of the 
backward « bump ». 
3°2. Total elastic cross-section. — The number of events, corrected for scan- 
- ning bias, in the interval .965> 
mb 
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> cos Don > — 1, is 13614 51. 
From the best fit we find 
274+ 28 events in the interval 
LS -COSO 9905 


Fig. 13. — Total elastic eross- 
section vs. energy. This plot is 
reported from R. R. CRITTENDEN 
et al. (4). We have included the 
points at 1200 MeV (Pisa) and at 
1300 MeV (Columbia (5)). 


(9) A. R. Erwin jr. and J. K. Kopp: Phys. Rev., 109, 1364 (1958). 
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To evaluate the total elastic cross-section, from the number of the events 
we have used the following data: 


Total path length L= (28.64 + 1.37):10° em (Section 2°6) 
Carbon contamination C= (1.5 +2.6 )% (Section 2°4) 


Number of hydrogen atoms per cm’ = 4.7-:10 42% 


We get a total elastic cross-section o= (12 +.8) mb. In Fig. 13 our ex- 
perimental point is plotted together with some points at neighbouring energies. 


We are grateful to the Columbia bubble chamber group, in particular to 
Prof. J. STEINBERGER, who have kindly sent us the film on which the meas- 
urements have been performed. We are indebted to Prof. C. FRANZINETTI 
for helpful discussion. The financial support from the South African Council 
for Scientific and Industrial Research to one of us (P.H.S.) and the hospi- 
tality received during his stay in Italy are hereby acknowledged. Thanks are 
due to Dr. A. CHIARINI and the staff of the Centro Calcoli e Servomeccanismi 
of Bologna University who programmed and carried out the computation 
for the best fit with the IBM 650. 


RIASSUNTO 


Si riportano i risultati di una ricerca in camera a bolle a propano sullo scattering 
da protoni di mesoni di energia cinetica 1200 MeV. La distribuzione angolare dei 
pioni determinata sperimentalmente è espressa mediante un polinomio del 9° grado 
in cos Oo. (dove Ica. è angolo di diffusione del += nel sistema del baricentro) e il suo 
valore a 0° è confrontato col valore ottenuto facendo uso delle regole di dispersione 
e del teorema ottico. La distribuzione angolare ai piccoli angoli, se interpretata come 
dovuta a scattering di diffrazione, permette di ricavare un valore del raggio ottico del 
protone. Viene inoltre determinata la sezione d’urto totale per il processo in questione. 
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Variationen der primären kosmischen -Teilchen 
und der Gesamtstrahlung. 


E. WAIBEL | 


Institut für Stratosphären-Physik am Max-Planck-Institul für Aeronomie 
Lindau/Harz | 


(ricevuto il 16 Agosto 1960) 


tion was measured over Northern Germany (cut-off for protons 1.46 GeV, 
eccentric dipol) with a balloon sonde during a strong Forbush effect on 
July 16, 1959. The vertical «-particle flux extrapolated to 0 g/cm? was 
found to be (0.0105 + 0.000 7) (em? s sr)! if allowance is made for the 
fragmentation of heavier nuclei. The extrapolated value of the total 
radiation amounted to (0.0891 + 0.001 5) (em? s sr) !. On November 3, 
1959, the measurement of the «-particles showed an extrapolated vertical 
flux of (0.0124 + 0.0025) particles/(cm? s sr) and the total radiation 
amounted to (0.1043 + 0.0042) particles/(cm? s sr) (cut-off for protons 
1.72 GeV). A comparison of the radiation values from 16.7.1959, 3.11.1959 
and 24.4.1957 proves a variation of the hard component at high altitudes 
which is larger by the factor 1.9 + 0.3 than that of neutrons on ground 
level at Lindau. For the «-particles this variation factor turned out to | 
be 1.5 +0.5. The absolute intensities of both components measured | 
during the three flights fit well the modulation scheme of Ehmert (5) which | 
was adjusted to the absolute intensities published by McDonatp (7) 

obtained by different experimental techniques. 


| 
! 
Summary. — The primary «-particle intensity and the total cosmic radia- | 
î 
Î 


Einleitung. 


Im Juli 1959 traten starke chromosphärische Eruptionen auf der Sonne 
auf mit nachfolgenden geomagnetischen Stürmen, welche mit auffallenden Ab- 
nahmen der kosmischen Strahlung verbunden waren (s. Abb. 1). Hierbei wurde 
der tiefste Wert der kosmischen Strahlung im ganzen Sonnenzyklus erreicht. 
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In dieser Zeit wurde am 16.7.59 mit einem Ballongeràt das Ionisations- 
spektrum der kosmischen Strahlung gemessen. Zum Vergleich fand in der 
magnetisch weniger gestorten Zeit im November 59 ein weiterer Start statt. 


Datum» 
PR DO I OE ED 207 IE 
L 0210 1623 4 
IL LÌ SE di 
s5| : 
Magna 0342, 0802 2115, 1638 | 
ySc | Ÿ Sc 
L | Ù | i 
50+ 4 
È — Aufstieg 
x + 
£ ì 
= L 
=] | pr 
LU 
> CE ] 
n (E ... Neutronen Lindau ] 
DE yFlare Ÿ Sc Sudden Commencements 
(Zeit in UT) à 
C = I 1 1 1 I I je =)! I J = 1 1 
Fig. 1. — Neutronenregistrierung von Laxpau im Juli 1959 korrigiert auf Luftdruck 


am Erdboden. Die Pfeile markieren die chromosphärischen Eruptionen (flare) und den 
Beginn der magnetischen Stürme (Sc). 


Diese Messungen wurden im Rahmen einer Serie von Aufstiegen durch- 
gefiihrt, bei denen sowohl die Bestimmung genauer Absolutwerte der totalen 
primären Strahlung, der Protonen und der Alphateilchen angestrebt wird als 
auch Einblicke in die Intensitätsschwankungen dieser Komponenten im Ver- 
gleich zueinander gewonnen werden sollen. AuBerden wird mit dem verwen- 
deten Gerät die Intensitàt der harten Komponente als Funktion des Luft- 
druckes gemessen. 

Die Unterscheidung zwischen Teilchen verschiedener Ladung erfolgt auf- 
grund der spezifischen Tonisation, die dem Quadrat der Ladung proportional 
ist und in unserer Sonde mit Proportionalzählern gemessen wird. 


1. — Das Aufstiegsgerat. 
Das in Abb. 2 dargestellte Zählrohrteleskop wurde bis auf die neu hinzu- 


gefiigten seitlichen Geigerzähler an anderer Stelle (1) bereits eingehend be- 
schrieben. Wir kônnen uns daher auf eine kurze Darstellung seiner wesent- 


G) E. WarBEL: Mitteilungen aus dem M.P.I. für Aeronomie, Nr. 1 (Berlin, 1959). 
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lichen Funktionen anhand des ebenfalls in Abb. 2 eingezeichneten Blockdia- 
eramms der Schaltung beschrinken. Das Teleskop soll nur ein Ereignis regi- 
strieren, wenn es von einem einzelnen Teilchen durchdrungen wird; dazu ist 


G-M 
Zähler 


Prop.Z. 


Impuls Impuls UKW- 
Auswohl Umformer Sender 


vibrator 


Absorber 


Fig. 2. — Prinzipschaltbild des Aufstiegsgerites. 


eine Koinzidenz von Impulsen der obersten Lage von Geigerzählern, der drei 
Proportionalzähler und der unterhalb des Absorbers befindlichen Geigerzähler 
notwendig. Schauer werden dadurch eliminiert, daB nur einer der vier Geiger- 
zaàhler ansprechen darf, die unmittelbar unterhalb des untersten Proportional- 
zàhlers legen und keiner der seitlich gelagerten Zahler. 

Die spezifische Ionisation eines Teilchens wird wegen der starken Unsym- 
metrie der Jonisationsverteilung nach LANDAU (?) durch elektronische Aus- 
wahl des kleinsten Impulses von drei Proportionalzählern gemessen. Die ober- | 
sten und untersten Geigerzähler begrenzen die Apertur des Teleskops derart, 
daB sich die in den rechteckigen Proportionalzähler verlaufenden Wege der 
zugelassenen Teilchen héchstens um 10% unterscheiden. 

Der Absorber verhindert eine Registrierung energiearmer einfach geladener 
Sekundarteilchen, die wegen ihrer relativ hohen Ionisationsverluste Teilchen 
mit hòherer Kernladung vortäuschen würden. Primärteilchen gehen dadurch 
in groBeren Héhen nicht verloren, da die Abschneideenergie des Gerätes ge- 
nugend unterhalb der geomagnetischen Abschneideenergie fiir unsere Breiten 
liegt. Die relativistischen Protonen und Alphateilchen lassen sich auf diese 
Weise gut unterscheiden. Der Absorber besteht aus 72.0 g/em? Kupfer und 
bildet mit den Zählerwänden und 3.2 g/cm? Silicongummi einen Gesamtabsorber 
von 82.8 g/cm? (aquivalent etwa 10.5 cm Pb). Damit ergibt sich ein Mindest- 


(2) L. LANDAU: Zurn. Eksp. Teoret. Fiz., 8, 201 (1944). 
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wert der kinetischen Energie für Protonen von 320 MeV und für u-Mesonen 
von 160 MeV. Die Materieschicht bis zum Erreichen des untersten Propor- 
tionalzählers betragt ca. 1.2 g/em? Silicongummi und 5.1 g/em? Messing. 

Die Geometriekonstante des Teleskops betragt fiir eine isotrope Richtungs- 
verteilung der Strahlung 2.96 em? sterad und für eine cos?ÿ-Abhängigkeit 
2.86 em? sterad (9-Winkel zwischen der Vertikalen und der Einfallsrichtung 
der Partikel). 

Die Impulse der drei Proportionalzihler werden getrennt verstarkt, geeignet 
geformt und der Schaltung für die Auswahl des kleinsten Impulses zugeführt. 
Die Impulse der oberen und unteren Geigerzähler werden auf eine Koinzidenz- 
schaltung gegeben, deren Ausgangssignal jedoch in einer Antikoinzidenzstufe 
unterdrückt wird, wenn gleichzeitig ein Impuls vom Schauerselektor kommt. 

Ein erlaubter Impuls von den Geigerzählern erhält dann eine Rechteck- 
form und wird so verstärkt, daB er als vierter Impuls mit stets maximaler 
Amplitude in die Auswahlschaltung des kleinsten Proportionalimpulses gegeben 
werden kann. Es handelt sich hierbei also um eine vierfache Auswahl und 
gleichzeitige Koinzidenz, so daB das Fehlen eines der drei Proportionalimpulse 
oder des Geigersignals eine Registrierung verhindert. Zur Ubertragung per 
Funk werden diese Impulse variabler Amplituden in Signale variabler Dauer 
umgeformt. Die Registrierung am Boden erfolet mit Oszillograph und Film- 
kamera. 


9. — Daten zum Aufstieg vom 16.7.1959. 


Der Start des aus 14 Darex 2400g Neopren-Ballonen bestehenden Ge- 
spanns fand am 16.7.1959 um 10.27 in Lindau/Harz geogr. Breite = 51°39' N, 
geogr. Lange = 10°07’ E statt. Den wäbrend des Fluges registrierten Druck 
und die entsprechende Héhe gibt Abb. 3 als Funktion der Zeit wieder. 


+ 1 en Ji 1 
12° 152 TA 15°° 
MEZ 


iow 2. — Registrierung von Druck und Hôhe am 16.7.1959. 
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Das Gerät war mit einer Ballaststeuerung versehen, die automatisch den 
AbfluBhahn des flüssigen Ballastes éffnete oder schloB, je nach dem, ob der 
umgebende Luftdruck um einen bestimmten Betrag angestiegen oder abge- 
fallen war. Auf diese Weise sollte versucht werden, das Ballongespann in 
gròBtméglicher Héhe zum Ausschweben zu bringen — nachdem eine geeignete 
Zahl von Ballonen geplatzt sein würde. Diese Gipfelhôhe ist stets durch die 
Gleichmäfigkeit des Ballonmaterials vorgegeben. Tatsächlich schwebte das 
Gespann zum ersten Mal von 
(12.05 14.05) MEZ aus. Dann 
setzte plotzlich eine Abwärtsbe- 
Lo wegung ein, offenbar weil ein 

5930 Ballon geplatzt war. Der Bal- 
lastabwurf regelte aber zu die- 
ser Zeit den Auftriebsverlust 
nicht mehr rasch genug aus, da, 


wie eine spätere Untersuchung 


ergab, das intensive Ultravio- 
lettlicht in der groBen Hôhe 
Ausfällungen in der Ballast- 
flissigkeit hervorrief, welche 


1+—52 30 die AusfluBòffnung teilweise 
{ )>Hannover verstopften. (Die Flissigkeits- 
Q behälter waren klarsichtig und 
sollten eine màfige Erwärmung 

a. der Flüssigkeit durch die Son- 
nenstrahlung zulassen. Am 
Erdboden waren diese Stôrun- 

Lindau gen ohne sehr starke UV-Ein- 
— —+ 51°30 strahlung nicht feststellbar.) 
8°30' 9° 9°30 10° 10° 30 Nach einem Abfangen des Ge- 

0 10 20 30 40 50 km rates in 9.6 km Hohe stieg es 


wieder sehr langsam hoch und 
Fig. 4. — Projektion des Flugweges vom 16.7.1959. schwebte vermutlich allein in- 
Die Zahlen an der Kurve geben die Flughôühe in 


i folge der Verfestigung der 
Kilometer an. A 


Ballone zum zweiten Mal von 
18.20 bis 19.08 MEZ aus. Die 
wahrend dieser Zeit erreichten Héhen lagen um 24 km. Nach dem Platzen eines 
weiteren Ballons reichte die noch vorhandene Ballastmenge nicht mehr zur 
Regelung aus, so daB der endgültige Abstieg erfolgte. Die Landung fand 
etwa um 21.09 statt. 
Die Projektion der Flugbahn ist in Abb. 4 dargestellt. Bis in Hôhen von 
Ok apa < Tes Pe ae = oP 7 à } dE : 
19 km herrschte ein Wind aus S bis SW vor, oberhalb aus ESE. Die Bahn 
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verlief im wesentlichen von Lindau aus in nérdlicher Richtung. Die Landung 
erfolge in der Nahe von Hamburg. 

Da sich die geomagnetischen Breiten von Start- und Landungsort um ca. 
1.5°, die der Ausschwebestrecken um 1° unterscheiden, müssen die gemes- 
senen Intensitäten auf eine konstante geomagnetische Breite reduziert werden. 


RO TRS me AM ue 

3. — MeBergebnisse vom Auf- È 
stieg am 16.7.1959. 

LL 


a) Die harte Komponente. | 


Die Gesamtimpulshäufigkeit 
der harten Komponente ist 
als Funktion der atmosphä- 
rischen Tiefe in Abb. 5 dar- 
gestellt. Es handelt sich 
hierbei um eine Zusammen- 
fassung der Auf- und Ab- 


Gesamtstrahlung (Imp./s) 


stiegswerte unter Anbrin- 7 
gung der üblichen Korrek- 

î . Aoi eee OR eects ee ee I 
turen fiir Totzeiten und zu- 0 200 500 600 800 1000 
fallige Koinzidenzen, die Atm. Tiefein g/cm ——_> 

jedoch kleiner als 1% bleiben. Fig. 5. — Intensitàt der Gesamtstrahlung als Funk- 
Man erkennt die Ausbildung tion der atmosphärischen Tiefe (16.7.1959). 


eines sehr flachen Maxi- 
mums. Die statistischen Fehlergrenzen dieser Kurve sind relativ gering, da 
die Hôhenbereiche oberhalb von 10 km viermal durchlaufen wurden. Der Bo- 


0.5 USE ns I fi T- Tt Di ie Le 
0.4 1. Hohenmaximum 2.Hôhenmaximum 
i 1 Aufstieg t Aufstieg 
$ Abstieg *Abstieg 
| 0.3 
u 0.2 
a 
à 
E 015 


ee (Er = 0.1 
o 100 200 300 0 100 200 300 
g/cm? g/cm? 
Fig. 6. — Gesamtstrahlung der harten Komponente zum 1. und 2. Hohenmaximum 


(Fig. 6a und 60); zum Vergleich wurde die gestrichelte Linie von Fig. 6b auch in 64 
eingezeichnet. (16.7.1959). 
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denwert konnte über die Mesonenregistrierungen in Lindau mit guter Ge- 
nauigkeit ermittelt werden. 

Eine detailliertere Registrierung während der einzelnen Zeit- und Héhen- 
phasen zeigt Abb. 6. Die statistischen Fehler sind hierbei für die kurzeren 
Zeiten grôBer, aber der Kurvenverlauf zum ersten Héhenmaximum unter- 
scheidet sich deutlichim erwarteten Sinn von dem zum zweiten Ausschwebeteil 
in etwas héherer geomagnetischer Breite. 


b) Die absoluten Teilchenintensitaten aus vertikaler Richtung. Die zwi- 
schen 20 und 30 Torr gemessenen Häufigkeiten der Gesamtstrahlung werden 
für die beiden -Ausschwebebereiche und den ganzen Ausftieg nach Korrektur 
auf Totzeiten und zufällige Koinzidenzen in Tabelle I aufgeführt. AuBerdem 
werden die auf 0 g/em? extrapolierten Absolutwerte der Gesamtstrahlung und 
der Protonen mit ihren oberen und unteren Grenzen (wie in (1)) angegeben; 


TABELLE I. — Auf 0 g/em? extrapolierte Strahlungsintensitdten. 
1 g 
Obere Grenze | Untere Grenze Imp./s 
Part./(em? s sr) Part./(cm? s sr) | bei ca. 35 g/cm? 


Gesamtintensitàt 


; 0.089 1 + 0.001 5 0.0842 + 0.002 5 0.254 O05 
(Mittel) + ) Msi 0842 + 0.001 5 54 + 0.005 
Gesamtintensitàt ag A Ra | b 
cae 0.0840 + 0.002 0 0.079 4 4- 0.002 0 0.239 + 0.007 
1. Hohenmax. mo | ga | 
Gesamtintensität 0.094 7 0.0028 Mose Mano DE 3 
=. Z € . SC 5 o . Z 7 2 78 | . { 8 
eran .0947 + 0.002 § 0.089 5 + 0.( 7 0.278 + 0.008 


Protonen (Mittel) 
. ohne Berücksich- 0.076 7 + 0.001 5 0.0727 + 0.001 5 
| tigung d. Albedo) | 


| Protonen (Mittel) 
| (mit Berücksich- 0.067 0.063 
tigung d. Albedo) 


letztere zeigen die Berücksichtigung oder Vernachlässigung der Verluste an, 
die in den oberen Materieschichten des Teleskops (1.2 g/em? Silicongummi und 
5.1 g/em? Messing) auftreten kénnen. Diese Verluste entstehen durch Aus- 
lòosung interner Schauer in der oberen Teleskopmaterie und Unterdrückunge 
dieser Ereignisse durch die Schauerantikoinzidenz. Bei Schauern mit sehr 
enger Bundelung oder solchen geringer Teilchenzahl kann jedoch eine Registrie- 
rung erfolgen. Die tatsächlichen Werte liegen also zwischen diesen Grenzen, 
die sich bei Protonen um einen Faktor von 1.058, bei den Alphateilchen um 
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1.093 unterscheiden. Eine Albedo (splash albedo) wurde nur bei den Protonen 
nach ANDERSON (3) berücksichtigt und getrennt angegeben. 

Die auf verschwindende Restmaterie extrapolierten «-Intensitàten sind in 
Tabelle IT zusammengestellt. Die Werte wurden auf Totzeiten, zufällige Ko- 
inzidenzen und Uberlappungen der Tonisationsverteilung korrigiert. Die Extra- 
polationen wurden nach dem in der früheren Arbeit (1) ausführlich diskutierten 
Verfahren mit Berücksichtigung der Aufspaltung schwerer Kerne und ohne 
diese lediglich unter Zugrundelegung einer freien Weglange in der Luft von 
45 e/cm? vorgenommen. Die Absolutintensitàten differieren dadurch nicht un- 
wesentlich; doch ist die sonst notwendige Extrapolation mit Berücksichtigung 
der Kernaufspaltung durch die stark unterschiedlichen Angaben der Spalt- 
wahrscheinlichkeiten noch mit systematischen Fehlern behaftet. Es wurden 
hier die Werte von Fow Ler, HILLIER and WADDINGTON zugrunde gelegt (4). 


Ta ABELLE "Ie Auf 0 g/em? extra rolierte œ- Iniensitäten in Teilchen pro (cm? s sr 

pe 
| "E = 45 gle m? ‘mit Komeltur auf negli | 
| 
| : | 
| obere Grenze untere Grenze obere Grenze untere Grenze 


| Gesamtaufstieg 0.0134--0.0009 0.0123-+0.00085 0.0108 +0.000 7 0.009 90.000 7 | 


| 1. Héhenmax. ee ARE 0.0107 0.0009 ERE 


2. Héhenmax. | 0.013 8+0.0015 0.0126+0.0014 0.0110+40.0012 0.0100+0.001 1| 


Die in Tabellen I und II angegebenen Fehlergrenzen enthalten nur die 
mittleren statistischen Fehler. 


4, — Ballonaufstieg vom 38.11.1959. 


Zum Vergleich der stark verminderten Strahlungswerte vom 16.7.59 mit 
der nicht durch einen magnetischen Sturm gestôrten Strahlung wurde am 
3.11.1959 in Lindau/Harz ein gleichartiges Gerät gestartet. Es flog diesmal 
in südliche Richtung, so daB die mittlere geomagnetische Breite niedriger war 
als die von Lindau und die beim Aufstieg am 16.7.1959. Leider kam das Ge- 
spann mit 14 Darex 2400g Neopren-Ballonen nicht zum Ausschweben, da 


MEA 


@) K. A. ANDERSON: Suppl. Nuovo Cimento, 3, 389 (1957). 
(4) P. H. Fowrer, R. R. Hier and C. J. WADDINGTON: Phil. Mag., 2, 293 
(1957). 


a) 31 - Il Nuovo Cimento. 


490 E. WAIBEL 


simtliche Ballone in einer « Kettenreaktion » gleichzeitig in 33.5 km Hohe 
platzten. Der Abstieg brachte damit praktisch keine Werte mehr; dement- 
sprechend sind die MeBdaten mit relativ groBen statistischen Fehlern behaftet. 
Abb. 7a zeigt die Héhenkurve, Abb. 7b die registrierte Gesamstrahlung. 
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Fig. 7. - a) Flughôhe als Funktion der Zeit am 3.11.1959. b) Die Gesamtstrahlung 
am 3.11.1959 in Abbängigkeit von der atmosphärischen Tiefe. 


Die auf 0 g/em? extrapolierten Werte wurden in Tabelle III zusammen- 
gefaBt. Die Korrekturen wurden in gleicher Weise wie zuvor angebracht. Die 
Fehlergrenzen geben die mittleren statistischen Fehler wieder. 


TABELLE III. — Auf 0 g/em? extrapolierte Werte vom 3.11.1959 in Teilchen pro (cm? s sr) 
aus vertikaler Richtung. 


| obere Grenze untere (renze 
| 
| " = =z 7 E | da 7 
Gesamtstrahlung 0.1043 + 0.004 2 | 0.0986 + 0.0040 | 
Hi a | 
Protonen (ohne Berücks. d. Albedo) 0.087 9 4- 0.003 6 0.083 0 + 0.003 4 
Protonen (mit Berücks. d. Albedo) 0.075 8 0.0717 
a-Teilchen ohne Korrekt. der Kern- 0.0159 + 0.003 2 | 
aufspaltung (4 = 45 g/cm?) 0.0146 + 0.002 9 
a-Teïilchen mit Korrekt. der Kern- 0.012 4 + 0.002 5 
aufspaltung 0.0113 + 0.0023 | 


Die Geometriekonstante des Teleskops betrug 3.55 em? sterad für die iso- 
trope Richtungsverteilung und 3.42 cm? sterad für die cos? ® Abhängigkeit. 
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5. — Vergleich der Strahlungsintensitäten vom 16.7.1959, 3.11.1959 und 24.4.1957. 


Wegen der zum Teil groBen statistischen Fehler der Messungen am 3.11.1959 
kann der Vergleich der stark gestérten Strahlung am 16.7. über Lindau mit 
einem ungestôrten Wert nur von vorläufiger Natur sein. Eine genaue Be- 
stimmung eines derartigen Vergleichswertes ist vorgesehen. Beide Aufstiege 
wurden in Lindau gestartet, flogen aber in entgegengesetzte Richtungen, so 
daf die geomagnetische Breite und die Abschneideenergien getrennt zu be- 
rechnen waren und die Strahlungsintensitäten zum Vergleich mit den weiter 
unten ermittelten Reduktionsfaktoren versehen werden muften. Da sich die 
Neutronen und Mesonenregistrieranlagen in Lindau befinden, wurde dieser Ort 
als Bezugspunkt für die Umrechnungen gewahlt. 

AuBerdem ist ein Vergleich mit den Strahlungswerten vom 24.4.1957 über 
Weissenau interessant, da die Teilchenflüsse nahezu gleich denen vom 16.7.59 
sind. Dazu kommt, daf an beiden Tagen dasselbe Mafigerat verwendet wurde 
und damit eine Unsicherheit in der Geometriekonstanten des Teleskops heraus- 
fällt. Es mifte also die Strahlungserniedrigung am 16.7. etwa gleich dem 
Breiteneffekt sein. Zu bedenken ist allerdings, daf die kosmische Strahlung 
bei beiden Aufstiegen Forbush-Effekte zeigte. Die MeBergebnisse vom 24.4.57 
werden nochmals in Tabelle IV angegeben. 


TABELLE IV. — Auf 0 g?cem? extrapolierte Werte vom 24.4.1957. 


Untere Grenze 


Obere Grenze 


Gesamtstrahlung | 0.096 + 0.005 | 0.0905 + 0.005 
Protonen ohne Berücksichtigung der 0.083 + 0.005 0.078 + 0.005 
Albedo 
= | = = Y 
Protonen mit Berücksichtigung der | 0.072 + 0.004 | 0.067 + 0.004 
Albedo 
a-Teilehen ohne Korrektur der Kern- 0.0124 + 0.000 8 0.011 3 + 0.000 7 


aufspaltung (A = 45 g/em?) 


a-Teilchen mit Korrektur der Kern- | 0.0105 + 0.0008 | 0.009 6 + 0.000 7 


| aufspaltung | 


Für die Breitenkorrektur der Strahlungsintensitäten werden die integralen 
Energie- oder Impulsspektren der Teilchenkomponenten verwendet, bei denen 
für die Energie bzw. den Impuls die geomagnetischen Abschneidewerte des 
exzentrischen Dipolfeldes eingesetzt werden, die in dieser Gegend mit denen 


4 
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TABELLE V. — Geomagnetische Abschneideenergien in GeV pro N 

tr = EE — + 
| Protonen Æ, | o- part. Ea n 
| (in GeV) i (GeV/Nukl.) D 

pi DE = | | — 
Lindau 1.62 | 0.58 | 2.5 

| 16.7.59 ZIA x ‘ 1.46 | > 0.51 | 2.38 
LOS ONE pee, 2a 1.53 0.54 | 2.45 
MENSA ee E | 2.2 
3.11.59 en =” ; G I D 0.625 2.68 
MORA Ia: 


(*) Umrechnung auf Lindau. 


nach der Methode von QUENBY und WEBBER (°) übereinstimmen. Besonders 
geeignet erscheinen hierfür die von EHMERT (6) für eine elektrische Modulation 
der Energiespektren berechneten und an die Messungen von MCDONALD (7) 
angepañten integralen Spektren für die Protonen und «-Teilchen, da mit ihnen 
die Sonnenaktivität über die Neutronenregistrierungen am Boden berück- 
sichtigt werden kann. Diese Kurven (s. Abb. 8) wurden unter der Annahme 
einer Modulation der kosmischen Strahlung durch elektrische Felder berechnet. 
Die Teilchenhaéufigkeiten wurden über dem Impuls/Ruhenergie a= pe] Me? 
aufgetragen. Der Kurvenparameter u= zeU/Mc? gibt die Abhangigkeit vom 
abbremsenden Feld mit der Potentialdifferenz U der Erde gegen den fernen 
Raum wieder. (¢=Teilchenladung, M = Masse, p=Impuls, ¢ = Lichtge- 
schwindigkeit, e — Elementarladung). Es gilt dann zwischen Protonen und 
Alphateilchen a, = 44. 

Die gemessenen absoluten Strahlungsfliisse der «-Teilchen und Protonen der 
drei Aufstiege wurden in Abb. 8 fiir die verschiedenen Abschneideimpulse und 
Gegenspannungen eingetragen. Die Werte von 4 wurden aus Ehmerts Dia- 
gramm der Weissenauer Neutronenintensitäten nach Umrechnung der Lindauer 
Registrierungen ermittelt. Die Daten für w, die Abschneideenergien, Abschneide- 


(5) J. J. QUENBY and W. R. WEBBER: Phil. Mag., 4, 90 (1959). 

(5) A. EHMERT: Proceedings of the Moscow Cosmic Ray Conference, 1959, 4, 14 
(1960). 

(7) F. B. McDonatp: Phys. Rev., 109, 1367 (1958). 
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rrekturen und Strahlungsintensitdlen. 


1 i Neutronen Gesamtstrahlung (80--160) Torr 
Reduktions- | Reduktions- : ; I S 
; È Lindau mp./s 
faktor faktor n, î 
| Werte/2 Stud. ne — 
Protonen | a-Part. ne ha | 
| DRE pp direkt Red. aut Lindau 
> à Je | | 
1.000 1.000 
) 0.972 0.972 45 840 (0.253 +0.004) 0.246 
0.988 45 650 
cakes | da ee SSA rendi mil 
0.955 46 100 | 
L 1.034 | 1.028 54550 (0.300 +0.01 1) Oral | 
ma = | da o EE - = 2 i LÀ 
1 1.188 | 1.162 | 51 820 (*) (0.266-+0.007) | 0.316 


impulse x, und die aus den integralen Spektren gewonnenen Reduktionsfaktoren 
für die Breite von Lindau sind in Tabelle V zusammengefaBt. Für die x-Teil- 


È 
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Fig. 8. — Absolute integrale Häufigkeiten von x-Teilchen und Protonen (Albedo nach 

Messungen von ANDERSON (3) korrigiert) in Kurvenschar der integralen Impulsspektren 

nach Ener (5) für verschiedene elektrische Gegenfelder eingezeichnet. Die Kreise 
geben den nach den Kurven zu erwartenden Wert an. 
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chen wurden die oberen Grenzwerte der auf Kernaufspaltung korrigierten Werte 
genommen, für die Protonen die entsprechenden oberen Grenzwerte nach Ab- 
zug der Albedo (splash albedo) nach ANDERSON (*). Die nach den Kurven 
und u-Werten aufgrund der Bodenregistrierung zu erwartenden Haufigkeiten 
wurden als Kreise eingetragen. Man erkennt eine sehr gute Übereinstimmung 
der MeBwerte mit den Kurven, besonders bei den Alphateilehen aber auch bei 
den auf Albedo korrigierten Protonenflüssen. Es fallt noch auf, daB die Ab- 
solutwerte vom 3.11.1959 gegeniber den anderen allgemein etwas tiefer liegen. 

Diese Tatsache wird von besonderer Bedeutung bei der Ermittlung des 
Verhältnisses der Schwankungen der primären Intensitàten zu denen der 
Strahlungen dem Erdboden. 

Bevor die Schwankungsfaktoren bestimmt werden, sollen einige Intensitàts- 
verhältnisse angegeben werden, und zwar ohne und mit Breitenkorrektur 
(Tabelle VI). Um beim Vergleich der Gesamtstrahlungen die statistisch be- 
dineten Fehler besonder vom 3.11.1959 herabzudrücken, wurden die Werte 
der flachen Kurvenbereiche zwischen 30 und 160 Torr zusammengefaBt. Die 
Ausschweberegistrierungen vom 16.7.1959 wurden hierbei nicht berücksichtigt, 
da ihren relativ tiefer liegenden Werten ein zu hohes einseitiges Gewicht zu- 
kame. Diese Strahlungswerte sind ebenfalls in Tabelle VI aufgeführt. 


TABELLE VI. — Intensitdtsverhiltnisse. 


ile a 2 
Gesamtstrahlung Gesamtstrahlung a-'Teilehen 0 g/em 


bei 0 g/em? 30 —160 Torr many Do 
Kernafuspaltung 


| 5 | korr. a. | | oe a ye korr. a 
direkt Lindau direkt | Lindau direkt Lindau 
J(24.4.57)/J(16.7.59) | 1.077 [3168 I0NTO5L Aes 1.00 1.20 
\_ A ae o) OI = 4 le = a | DI p | 
| | rr 
| Ji(3.11.69)(3 (16760) || ULIVO a Mes le lel Qa a CONTE 


In Abb. 9 wurden die Logarithmen der gemittelten Gesamtstrahlung 
((30 160) Torr), der auf 0 g/cm? extrapolierten Gesamtstrahlung und der Alpha- 
teilchenflüsse über den Logarithmen der Neutronenwerte von Lindau aufge- 
tragen. 

Der (logarithmische) Schwankungsfaktor betragt fiir die Gesamtstrahlungen 
- ) pm 9 ORT0265 a] 7 © n 
vom 24.4./16.7. 2.25"5% und vom 3.11./16.7. 1.50 + 0.35. Als mittlerer Wert 
ergibt sich ein Faktor von 1.90 + 0.30 der mit dem aus den Kurven von 
Ehmert sich ergebenden übereinstimmt. Wegen der wesentlich gròBeren Fehler- 
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grenzen bei den «-Teilchen ist der Schwankungsfaktor bei diesen mit entspre- 
chend groBen Fehlern behaftet; er ergibt sich zu 1.5 + 0.5 und liegt damit 
scheinbar niedriger als der der 
Gesamtstrahlung bzw. der Pro- 
tonen. Ein Faktor von 1.9 hegt 
jedoch noch innerhalb der 


Gesamtstrahlung 
Fehlergrenzen. 30-160 Torr 

Von der Differenz der Ge- 
samtstrahlung zwischen dem 1. 
und 2. Ausschwebebereich in 
Hôhe von a) 12% für die ex- 
trapolierten Werte bzw. b) 15% 
für die MeBbereiche der Gipfel- 
hôhen lassen sich mit Hilfe der 
Kurven” in Abb. 6 ca. 3.5% 
aus der Anderung des geoma- 


Gesamtstrahlung 
bei 0 g/cm? 


gnetischen Abschneideimpulses A 


und weitere 3% aufgrund der bei 0 g/em? 
Neutronenänderung am Boden 
und des ermittelten Schwan- 


kungsfaktors erklaren. Es blei- 


log /ntensitàt ———» 


ben demnach noch für a) 5.5% 
für b) ca. 8.5%, denen die sta- 
tistischen Fehler von zusammen 
5.4°, gegeniiberstehen. In den CAO 
zusammengefaBten  Bereichen 65] | |75 .80 ere! 
zwischen 30 und 160 Torr stim- Be 26457 M99 

men die Werte innerhalb der 


direkt Neutronen Lindau 


x Fig. 9. — Intensitäten der primären Gesamtstrah- 
Mefgenauigkeit überein. Die lung der Alphateilchen und der harten Komponente 
a-Teilchenfliisse unterscheiden in gréferen Hòhen aufgetragen über der Neutro- 
sich nur um 2.6 Ve Wenn man nenintensitàt am Boden in Lindau. Skalen logarith- 
auch auferund der Kurvenfor- misch zur Ermittlung der Schwankungsfaktoren. 
men für die harte Komponente 
(s. Abb. 6a und 65) oberhalb von 60 g/cm? Luft eine energieschwache Zu- 
satzstrahlung nicht ausschlieBen kann, so lat sich diese Differenz doch im 
wesentlichen durch die Anderung der geomagnetischen Breite, die geringe auch 
am Boden erkennbare Strahlungsschwankung und die statistischen Fehler 
erklären. Die Kurve für die harte Komponente zum 2. Maximum wurde des 
besseren Vergleichs wegen sowohl in Abb. 6a als auch in 60 eingezeichnet. 
Trotz der sehr unterschiedlichen Methodik bei den Messungen von McDo- 
NALD (7) mit einem Szintillations- und einem Cerenkovzähler und unseren mit 
drei Proportionalzählern und einem Absorber wurde innerhalb der MeBgenauig- 
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keit durch Einbeziehung der Variationen mit Hilfe der Bodenregistrierungen 
eine sehr gute Ubereinstimmung der Absolutwerte erzielt. Das besagt aber 
gerade, daB der Modulationsmechanismus bei magnetischen Stürmen und im 
Rahmen des Sonnenzyklus in gleicher Weise erfolgt (°). 


* ko 


Dem Direktor des Institutes für Stratosphären-Physik im Max-Planck- 
Institut fiir Aeronomie, Herrn Prof. Dr. J. BARTELS, danke ich fiir seine freund- 
liche Fôrderung dieser Arbeit. Herrn Prof. Dr. A. ExMERT und Herrn Dr. G. 
ProTzER danke ich für fôrderliche Diskussionen. Die Deutsche Forschungs- 
gemeinschaft hat auf Antrag von Herrn Prof. A. EHMERT die vorliegende Arbeit 
unterstützt, wofür an dieser Stelle herzlich gedankt wird. 


LEAS Shon UNG Oli) 


Il 16 Luglio 1959 si sono misurate con un pallone sonda l’intensità delle particelle x 
primarie e la radiazione cosmica totale sulla Germania Settentrionale (cut-off dei protoni 
1.46 GeV, dipolo eccentrico) durante un forte effetto Forbush. Si è trovato che il flusso 
verticale di particelle x estrapolato a 0 g/em? è (0.0105+0.000 7) (cm? s sr)! se si tiene 
conto della frammentazione dei nuclei più pesanti. Il valore estrapolato della radia- 
zione totale ammontava a (0.089140.0015) (cm? s sr) !. I1 3 Novembre 1959 la misura 
delle particelle x mostrava un flusso verticale estrapolato di (0.0124--0.0025) parti- 
celle/(em? s sr) e la radiazione totale ammontava a (0.1048--0.0042) particelle/(cm? s sr) 
(cut-off dei protoni 1.72 GeV). Un confronto fra i valori della radiazione dei giorni 
16.7.1959, 38.11.1959 e 24.4.1957 dimostra una variazione della componente dura a 
grandi altitudini maggiore per un fattore 1.94-0.3 di quella dei neutroni al livello del 
suolo a Lindau. Per le particelle x questo fattore di variazione risultava di 1.5--0.5. 
Le intensità assolute delle due componenti misurate durante i tre voli si inseriscono 
bene nello schema di modulazione di Ehmert (5) che fu adattato alle intensità assolute 
pubblicate da McDonaup (7), ottenute con tecniche sperimentali diverse. 


(*) Traduzione a cura della Redazione, 
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Summary. — A discussion is presented of the possibility of determining 
the lifetime of the x° using the photoproduction of 7° in a Coulomb field 
as suggested by Primakoff. It is first shown how the competition with 
the coherent nuclear production makes it necessary to use a rather high 
photon energy. Even at 1 GeV, however, the Coulomb photoproduction do- 
minates over the coherent nuclear one only in a very narrow cone around 
the forward direction; this cone has an angle of ~ 3° for r=5-10-!" s and 
only 2° for r=5-10-18 s. Assuming that the difficult technical problems 
connected with these small angles may be solved, it is still necessary to 
prove that, at these small angles the incoherent production is not dominant. 
Indeed, though the incoherent production is certainly smaller than the 
coherent nuclear one by a factor of A (=mass number), the incoherent 
cross section does not have the factor sin? 0 which affects both the Coulomb 
and the nuclear coherent cross sections. A calculation of the incoherent 
photoproduction of 7° at small angles is therefore made using a multipole 
expansion and sum rules. It is shown that, for lead, the incoherent cross 
section at small angles is at most of the same order of magnitude of the 
nuclear coherent one so that it does not dominate the picture. For light 
nuclei the competition between incoherent and coherent nuclear production 
at small angles is more unfavourable and depends rather critically on the 
properties of the individual nucleus chosen. It is concluded that heavy 
nuclei are the most suited for this experiment and that, at 1 GeV, only 
lifetimes shorter than some units times 10-16 may possibly be measured 
by this method. 
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4. — Coulomb photoproduction of 7° (*): 


The purpose of this note is to amplify some remarks by one of us (1) con- 
cerning Primakoff’s suggestion (2?) to determine the lifetime of the n°. As 
is well known, Primakoff’s method is based on measuring the production of n° 
by photons in the Coulomb field of a nucleus. This process takes place through 
the same phenomenological interaction: 


(1) 1/01) E(x)-H(x)d*«, 


which governs the decay of the 7°. Through the study of the photoproduction 
of 7° in the Coulomb field of a nucleus one can in principle determine the 
constant 7 and therefore the lifetime 7 of the n° 


7 2 
(2) i = 1 ey 
647 
Indeed (compare ref. (')) the differential cross-section for photoproduction of 
a 7° in the Coulomb field of a nucleus Z is 


Se sin RAI 


o 1 = Wie = nec e Se 
(3) do.(0) 137 ie [1 de ga 


k —q)) 
D De 


Here v= qg/Jæ, = q/k is the velocity of the produced 7° (w,=k since we neg- 
lect the recoil energy of the nucleus); F(|k—q|) =[o(x) exp [i(k—q)|-x dx 
is the form factor of the nucleus and 0 is the production angle of the x; 
[o(x) dx CA) 

The general behaviour of the angular distribution (3) is as follows: the 


(*) Notation. - The following general notation is used: « mass of pion, M mass 
of nucleon, k(k) energy (momentum) of the photon, w,(q) energy (momentum) of the 
pion; units in which i=c=1 have been used. 

() G. MorpurGoO: Suppl. Nuovo Cimento, 16, 17 (1960). Paper presented at the 
1959 meeting of the Italian Physical Society. 

(2) H. PRIMAKOFF: Phys. Rev., 81, 899 (1951). Only the total cross section for 
Coulomb production is given in this paper. A numerical error has been corrected in 
ref. (1) and also, independently, in ref. (5) below. 

() Note added in proof. - Formula (3) is of course valid in first order perturbation 
theory; how good this is for large Z should be investigated. 

(>) Of course the production of r° in electron-electron or electron-positron collisions 
would offer a much more clean way to determine the lifetime of the 7°. Intersecting 
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cross-section per unit solid angle vanishes in the for ward direction; it rises 
to a very steep maximum at a very small value of 0, given by cos 0*—2%/(1+%)° 
that is 0* ~ w?/2k?; it then decreases very rapidly due both to the denominator 
and the form factor. It has also been pointed out in (1) that the order of 
magnitude of the cross-section, as given by (3), looks very reasonable for an 
experiment; but that one point was still obscure for a clear interpretation of 
the experimental data: the competition of the Coulomb production, as given 
by (3), and the coherent nuclear production of x°. In this note we shall: a) give 
an estimate of this competition; b) evaluate the forward incoherent nuclear 
production of n°. Why this last point is important will be explained later. 


2. — Coherent nuclear production of x°. 


This is the usual production of x° in the nucleus, with the nucleus remaining 
in the initial state. The amplitude for this process of course interferes with 
that of the Coulomb production discussed above so that the total coherent 
cross-section for production of n° has an expression of the form 


dor = dog + doy + 2 V dog:doy, 


where do, is the pure nuclear coherent cross-section and the plus or minus sign 
before the last term is a simplification for a possible phase factor. 

Since only an order of magnitude can be estimated for do,, it is necessary, 
in order to be able to obtain by this method the lifetime of the 7°, that 
dodo, (*). 

As will be clear from what follows the expression for do, in a nucleus 
with spin zero is, at least at small angles, 


(4) do, = CA? sin? 6 F*(|k—q|)dQ. 


beams are needed for this; but it is doubtful whether one can obtain enough intensity. 
For instance the differential cross section for the process e+e" > n+ (the et and e- 
having opposite momenta p,) can be easily calculated; the result is, neglecting some 
unimportant terms, 


va, IO 
do = di (1 + cos? 0)d2. 
u? 128% 137 \E, 


The total cross section is 


ib gp dl (3 È 
ol ; 
M248 137 nd 


In the above formulas £, is the energy of each of the electrons, k the energy of the 
photon, 7 the same parameter which appears in (1). If the energy is high enough that 
the condition (u/2E,)?<1 is satisfied the total cross section is ~ 0.3-10-%% em? for a 
lifetime value of 107 s. 
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Here the reason for the sin?@ factor is simply the conservation of the 
z component of the angular momentum; the photon has a spin but not the 
n° nor the nucleus, so that the amplitude must vanish in the forward direction; 
of course the angular dependence at larger angles may be different from the 
simple sin? @ but, as we shall see, we are interested only in the angles near 
the forward direction. The factor #2 in (4) is the same factor which appears 
in (3); this equality is usually probably not exactly true, but it is a very good 
approximation (4). The factor A? is there because we are dealing with a co- 
herent process; of course in this way we neglect the reabsorption of the z° 
once they have been produced. But the experimental results at low energy (°°) 
where (see below) the Coulomb production is surely unimportant show that 
a good fit is obtained with an expression of the form (4), the exponent of A 
being 1.87. Since we do not see a reason for having more reabsorption at the 
higher energies in which we shall be interested here than at low energy, we 
have used in (4) essentially the same A dependence found at low energy with 
the small change 1.87 — 2, which implies only a change by a factor of 2 in 
lead (7). It is obvious that all the reabsorption problems are less important 
for the low A nuclei, so that for the sake of a clear interpretation of the 
results the light nuclei should be preferable; but as we shall see, they are much 
less indicated for other reasons. Concerning finally the determination of the 
constant C in (4) its value depends of course on the energy, since it is directly 
related to the non spin flip part of the production amplitude on protons and 
on neutrons. At low energy we have a reasonably accurate expression for this 
quantity but not at the high energy (k =1 GeV) at which we shall be inte- 
rested here. At 1 GeV we write: 


(5) C =—-— =~ 0.5-10- em?/sr, 


the rough justification for this value being postponed to the next section. 


(4) Even if at high energy the factor F? in (3) and in (4) are somewhat different, 
which is probably true, this is not important for the subsequent discussion, because 
we are mainly interested in the very small angles. Notice that at low energy the 
F? factors in (3) and (4) are expected to be essentially equal because of the dominance 
of the è, resonance. We also remark, since we are mentioning the form factors, and 
to give an idea of the orders of magnitude involved, that at 1 GeV and in lead, the 
coherent nuclear cross section, due to the reduction from the form factor, is again 
at around 6° as small as it is at €. 

(5) G. Davipson: M.I.7. Thesis (September 1959). 

(9) R. SCHRACK, S. PENNER and J. LeIss: Nuovo Cimento, 16, 759 (1960). 

(*) For taking this into account one can, if one likes, divide by two all the figures 
of the subsequent Table I. 


500 


Se Ss 


COULOMB PHOTOPRODUCTION OF 7° AT HIGH ENERGY AND 70 LIFETIME 501 


The ratio 


doy _ E; ea Ste (oo 2v cos 0)? 


doc AA v3 i 


(6) 


can be written in a convenient form expressing 7 in units Of 0.5L Oe as: 
On writing: 


T= fe 
and using the values A = 208, Z= 82 and the equation (5) for C we obtain: 


(1 + 0? — 2v cos 0)? 


doy 
—* — 2.8-10-3 0 - 
vy 


6! z 
(6°) Æ. 


It is clear that the minimum value of this expression is obtained for G=10; 
its order of magnitude, at 0= 0° is 1.7 -10-*(u2/k?)40. From this equation, 
and keeping in mind the values of 9, as given in the Table I for reasonable 
values of t, we see that it is necessary to go at least to k=1 GeV for having 
a ratio do,/do, (at 0=0°) essentially less than 1. Assuming, therefore to 


choose k = 1 GeV, which means w?/k? =é= 2-10 ~1°, we examine the an- 
cular distribution of (6'); since a small value of (6') is obtained only for small 


Taste I. — Values of the ratio doy/dog as a function of 0, and for particular values of +. 


| | | 
| pu |  +—5-10-17 F-52106 |) 7102 
M. 3 den |“ te= 104 [o=10"] [g=10"] 
0 Dave les w D SUD SALUE 2.8 +107? 
| _ i | nee > dre rs 
| £ | 7 «10-10 | 7 -10 7 -102 7 ‘10 
| =} ps ct. de +3 
| : > 
DE isa 10= 9 8 -10-2 8-10 Pe. 
BE 3.8-10-8 @ 3.8- 10-3 = | = 
SE | Sa = 
5E 2.8-10-7 @ = = = 
e — = = 2 
| We have not filled those cases in the table where doy/dog turns out to be larger than 1. 
| The table refers to À = 1 GeV. AS described in the text £ = u°/k° = 2 10 rad ~ 1°, @ = TH. 
A value of the total cross section on hydrogen of 2.5:107% em? has been assumed and the 


| values of À and Z refer to lead. 
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angles we write 


des a È ) 
Ga ~ 2.8-10-*9(— 224 62). 
| 224 N 0 S cd | 


The values of this expression are reproduced in the Table I for some values 
of 0 and o. 

It is apparent from the table that the nuclear coherent process at 1 GeV 
constitutes a serious problem; if the lifetime is 5-10-1° s one has to use only 
7° produced between 0° and 3°. If it is 5-10-1 one has to confine only to 
the interval 0° to 2°. Whether this is possible or not we do not know: but 
it is essential to recognize that only if one can be sure that 7° produced at 
larger angles are not counted in any appreciable amount one has a measure 
of the lifetime of the 7° (8). Of course the situation might improve if it could 
be established that the reabsorption of the nuclear-produced 7° were more 
important that we have assumed; although one should than estimate also the 
possible nuclear reabsorption of the Coulomb-produced 7°, which however 
may well be negligible; or if better values were known of the non spin flip 
photoproduction cross-section on nucleons at 1 GeV and if a better theoretical 
prediction of the cross-section for the coherent nuclear process were available. 

In this case one might have the hope to deduce the Coulomb cross-section, 
by using the theoretical knowledge of the coherent cross-section. However one 
would have to obtain a smaller upper limit for the incoherent cross-section 
than the one which we shall produce in the next section. 


8. — Forward incoherent nuclear production of 7°. 


The previous discussion has shown that at small angles do, is, at suffi- 
ciently high energy, larger than do,. However both do, and do, are « small » 
because of the factor sin? 0. In these conditions another problem arises; that 
of computing the small angle incoherent nuclear production of n° and showing, 
possibly, that this process too has a cross-section, do4(9), small with respect 
to do,(0). Of course in principle incoherent reactions may be experimentally 


(5) If instead of requiring doy < dog one only requires 


à 2 
Joos = [ane 
0 0 


the « optimistic » angles À obtained are a little larger than those obtained from the 
condition doy, < dog. 


na 
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distinguished from the coherent process in which we are interested; but in 
practice this is almost impossible. 

Since we are dealing with an incoherent process do/,(0) may be expected 
to be proportional to A and not to 4?,; but, on the other hand, do4(@) does 
not contain the small sin?@ factor which appears both in do, and in do,. 
Since at 1 GeV the angle 0* at which do, has its maximum is only 107? rad, 
and therefore sin? 0* = 10-4, it is by no means clear that do7,(0) is smaller 
than do,(0) at those small angles around 6* at which (compare the conclusion 
of the last section) do,(0) is larger than do,(0). It is therefore necessary to 
obtain an estimate of do5,(0). 

We shall for this use the impulse approximation and write the transition 
operator as T= Y T;, where (°) 

i 


= 
= 


= [(K;-0; + L;) + (M;:o; + N;)t3;] exp [itk—qjl'r,; - 


We now make the usual assumption (°) that K,, L;, M,, N; do not depend 
on the nucleon momentum and are therefore independent of the nucleon 
Index (EO) 


(°) M. Lax and H. FescHBACH: Phys. Rev., 81, 169 (1951); G. MORPURGO: Nuovo 
Cimento, 8, 552 (1951); Y. YamaGUCHI: Progr. Theor. Phys., 13, 459 (1955). In this 
paper a treatment of the coherent photoproduction in He is given to interpret the 
original experiments of GoLpwasser et al. (Phys. Rev., 95, 1692 (1954)). 

(19) The cross section (4) for the coherent process discussed in the previous section 
is easily obtained from the expression (7) given for T (compare YAMAGUCHI, ref. (°), 
noting however that some assumptions in this paper are no more valid at the high 
energy considered here). 


do CD — 2a 0m 0 20) O29, 


Yq | 
Ca ra : 
(2x)° Og=k 


For the evaluation of <0|7'|0> we assume that the nucleus has zero total angular mo- 
mentum; then only the Z and N terms in (7) contribute, but the contribution of the 
N term will be neglected because it is proportional to (N — Z)/2. 

These terms, as shown in general for instance by CHEW et al. (Phys. Rev., 106, 
1345 (1958)), are proportional to (KAq):e,. that is vanish in the forward direction. 
If we write 


where 


Lì = (L?/sin? 0)9-0, Nè = (N2/sin? 0)g-0, 


rk? 
where the bar over L? and N2 refers to an average over the polarization of the photon, 
we immediately have the formula (4) of the previous section with the constant C 
given by 


a] € 2 
C= 2700 510 . 
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In order to discuss the incoherent production we have to deal with matrix 
elements of the kind <0|7\n>, where <0| is the ground state of the nucleus 
and x) some excited state; since we are interested in the very small angles, 
we can calculate everything in the forward direction; the variation in the in- 
coherent cross-section from the angle 0° to an angle of the order £ may be 
neglected. 

In the forward direction a great simplification occurs: one can expand the 
exponential in (7) and confine to the first two terms of the expansion 


© 


exp[i(kK —g):r:]=1+%k—g)z+.., 


where the 2 axis has been chosen along the forward direction. The legitimacy 
of this expansion at high energy is due to two different but related cireumstances: 
1) As we shall see in a moment in the forward direction |k—q|R (where È 
is the radius of the nucleus) is at most 1.5 for the heaviest nuclei (at the energy 
of 1 GeV). 2) The matrix elements of the succeeding powers in the expansion 
(9) have decreasing order of magnitude due to the non relativistic character 
of the motion of the nucleons in the nucleus. 

On the other hand it is necessary, in the expansion (9), to keep the first 
two terms because a) the first term gives rise, as we shall see, to an anoma- 
lously small matrix element; è) having different parity they contribute to 
different classes of transitions. 

We have (for k>>p) 


(10) (k—q), = k— 0 + 


where H,,— Hy, is the energy difference of the nuclear system before and after 
the production of the 7°. To evaluate (k — q). R, we must first obtain an esti- 
mate of #,—H,. We shall now show that E,—£, cannot be, when the 7° 


Assuming in the absence of more information that at 1 GeV 
(8) Ji = Ne ke > Ma, 


and therefore these terms contribute about equally to the total cross-section in Hvdro- 
gen, we may write 


and three similar equations with N?, K?, M?; here où is the total cross section for 
photoproduction in H. If we take, at 1 GeV, the value o°,—2.5-10-2? cm? as indicated 
by the results of BERKELMAN and WAGGONER (Phys. Rev., 117, 1364 (1960)) we obtain 
for C the estimate given in the eq. (5) 
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is produced in the forward direction, much larger than ~ 25 MeV and that 
even this value is not likely to be frequent. To establish the above conclusion 
we first remark that the conservation of energy and momentum, by them- 
selves, do not imply, of course, essential restrictions on the energies of the 
various parts of the system, since we are dealing with a many body problem; 
therefore some model of the collision is required, but, as we shall show, two 
rather extreme models lead essentially to the same conclusion. In model a 
we suppose that the nucleus is excited, during the production process, from 
the ground state to some bound or virtual excited state, and, collectively car- 
ries away the recoil momentum. In this case, since the recoil energy of the 
nucleus can be neglected, it is clear that E, 4, is simply the excitation 
energy of the nucleus, which will be at most of the order of 20 MeV for the 
light nuclei or 10 MeV for the heavier ones. Taking into account that, if 
k — 1 GeV, u?/2k—10 MeV we have in this case (k— q).R <1 for all A. 

In model b we assume that the nucleus behaves as a Fermi gas. In this 
case the validity of the above conclusion is due to the relatively small value 
of the Fermi momentum with respect to the momentum of the incident photon. 
In this model the process is pictured as taking place in a collision with an 
individual nucleon of the nucleus, which behaves before and after the colli- 
sion as a free nucleon of momentum respectively p and p; it is therefore 
qualitatively clear that a large momentum transfer in the forward direction 
is not possible if p, is small as compared to k. More quantitatively it is pos- 
sible to show that the maximum value of (k—gq), is obtained when p, is 
orthogonal to k; the conservation of energy and momentum then leads to 
the conclusion that 


where p?/2M is the energy corresponding to the momentum p, and e is the 
separation energy of a nucleon from the nucleus (assuming the residual nucleus 
to be left in the ground state). We therefore conclude in this case: 


po pu? 
(11) gatta 


Assuming that p?/2M — 20 MeV, e~8 MeV and y?/2k~10 MeV the equa- 
tion (10) implies (K — g).R 1.5 for the heavier nuclei (A = 200) and of 
course less for the lighter ones. : 

We may therefore conclude this discussion by stating that the situation 
in this problem, as far as the multipole expansion is concerned is similar to 
that which exist for the photonuclear absorption at an energy of ~ 40 MeV; 
there all the evidence indicates that such an expansion is acceptable, the 


Di 32 - Il Nuovo Cimento. 


506 0. CHIUDERI and G. MORPURGO 


same conclusion can be drawn here; and can be justified supplementing the 
discussion of the value of (k — q).R which we have just concluded, with the 
observation, already made, that the matrix elements of succeeding powers 
in the expansion (9) have decreasing order of magnitude being essentially 
proportional to increasing powers of <V>, where <V) is the average velocity 
of a nucleon in the nucleus. 

To proceed in the calculation of do(0) we put 


(12) T(0) = > (K+ Mrt,,)-o,[1 + d(k—qg)z], 


DI 


where the L and N terms have been omitted because, as we have already 
remarked (1) they vanish in the forward direction; we may write 


d I ) e 2 ld 
(13) = 2n| a : + > | <0/T(0)1n> |26(% + By —E, — 03) do = 


dQ 
ue 
2 


Wg=k—(En-Eo) 


In (13) the sum over n is obviously limited to all those states for which 
H,—H,<k—wp, but it can be safely extended to all the states; the small 
error which one thus makes is in the direction of increasing the computed 
cross-section. Another approximation which only negligibly increases the com- 
puted cross-section is that of calculating the phase space factor putting w,=k; 
this is permissible since we have already established that, for the great majority 
of the collisions giving rise to forward 7°, we have H,,—H, <k; also we shall 
approximate @, with k in K, M in (13). 
Therefore we may rewrite the equation (13) as 


ado 


(14) do(0) = 2x0, > KO T(0)|n> 


where 0, is now the same phase space factor which appears in the coherent 
process (compare the footnote (!°)). 
We now put: 


and, using (10) 
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Since, due to parity, 7,(0) and 7,(0) contribute to transitions into different 
states in (14) we have 


(15) do7(0) = 2x0, > {|<0|Z,(0) |n>|? + | <0|7, (0) |n> |}3dQ. 
We begin by estimating the first sum Y|<0]|7,(0)|m)|®. It is 


> KOIZ(0)[n> = <0] > (K+ Mty):0; PO 


= 31K 0] |e 


2 


QE 3 MP 0 | [> Fits: aes 


where a ground state spin zero has been assumed. We finally have 


2— Ke SÌ I M? y? 4 


> KO/T:(0) |} 


where 


2 


0) 


(16) S?= <0| |X ce | 


OD, ve = <O | | > 0720 3% P 


The contribution to do’(0) from (0) is therefore 
(17) do’,(0) = 2x0, (K° 8? + M*Y2) dQ. 


Now 8? and wi depend of course on the model of the nucleus chosen. If one 
uses particularly simple models (11) these quantities may even vanish in the 
ground state of a spin zero nucleus: but this is certainly an oversimplification. 
However the important point for us here is that, quite generally, due to the 
saturating property of the spins both S? and Y? are «small», that is of the 
order one and not of the order A. With the meaning of the constant C already 
discussed (1) we can therefore conclude that the order of magnitude of 


dot.(0), is 


(18) do,(0), — 2049 
independent of A. 
(11) For instance models described by wave functions in which all the spins are 


paired to give a resultant zero spin (of course the orbital angular momenta must then 
also combine to give zero). 
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We now consider the second sum >. Ko |T,(0)|n>l 2 in (15). We have 


n 


‘9 


. d of? 
>| 0| 2.0) |n [? = <0} SA +Me) (Lois + oi “| | 0, 


where use has been made of the fact that, for any time independent operator 
Q|n) = 1(H, — By) <0| 2] n>. 


In the expression (19) the time derivation produces the two terms 6,2, +0;2; 

of which the first can be presumably neglected: indeed if we estimate the rate 

of change of a spin in the nucleus induced by a spin orbit coupling (1), the 

order of magnitude of this rate is determined by the coefficient a of the spin 

orbit coupling interaction which is of the order of 0.5 MeV for lead and there- 

fore negligible with respect to the term in (19) having as coefficient u?/2%. 
We therefore consider only the expression 


(20) (01 5 (K+ Mo: +. 


In forming the square of the operator contained in (20) we first evaluate the 
one particle terms; they give 


(21) COVEIK+ Mail (PE + 2)10 
ier ae NOÉ CUT RER 


where use has been made of the relation 2; = p,,/M; a relation which is only 
approximate due to the exchange forces. 
Neglecting the terms linear in 73;, we obtain for the part of do4(0), due to 


the one particle terms the estimate (at k— 1 GeV) 


(22) 2CA dQ (10-2 + 10-3 A*), 


where we have used 


De Dai 2 Di à 
<0 Oo = = <0 -10) ~ 10-2 
; 5; | i 3M EST ity 


Ada 


(12) Compare the estimate given in: D. R. INGLIS: Rev. Mod. Phys., 25, 390 (1953). 
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and 


<0 23/0) = 3<0|72]0)= be~ Eur Ad. 


Consider now the two particles terms; an argument similar to that used by 
LEVINGER and KENT (1%) in connection with a computation of the mean ab- 
sorption energy for the nuclear photoeffect shows that such terms give a nega- 
tive contribution to the expression (20); notice, by the way, that the fact 
that S? and va in (17) are not of order A, but at most of order unity, 
is due to a complete or almost complete cancellation of the one particle terms 
in the expression of S? or Y? by the two particle terms. This cancellation will 
not be so complete for the operator in (20), but the point of interest for us 
is that, in any case, the expression (21) can be regarded as an upper limit to 
the value of (20). It follows that 


(23) dot.(0),< 20A(10-? + 10-348) dQ . 
We can therefore conclude, taking into account the equation (18), that 
doi(0)< 20(10-2A + 1073 4° 4-1)dQ. 


If we now consider the ratio of the nuclear incoherent production to the nuclear 
coherent one, at the angle 0* and at 1 GeV we obtain 


Dee con (OT A 0A 


Goer Wee anes A26*2 


2-10:[10-2 A + 10-45 + 1] 
— FES ra A2 = Fai . 


For A = 200 we have do46*)/do,(6*) <5 so that at the angle 0* the incoherent 
production in heavy nuclei at 1 GeV is at most 5 times the coherent production. 

The same conclusion is not necessarily true for small values of A. From 
equation (25) we have, for A=10, do7(0*)/dc,(0*)< 2-10? Im such case if 
the estimate of the expression (17) given by the equation (18) is not too far 
from truth, the forward incoherent production is a dangerous competitor 
to the Primakoff production for t > 5-10 1%. However if is necessary, before 
this last conclusion can be established, to know more about the quantities K 
and M and to perform, for each individual nucleus an accurate evaluation Of 


S° and Y?. 


(3) J. Levincer and D. Kent: Phys. Rev., 95, 418 (1954). 
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4, — Conclusion. 


We may summarize our results by stating that with much ability (™) 
one may hope to measure, at 1 GeV, the lifetime of the x° by this method 
only if the lifetime is <5-10-! s. The best nuclei for this purpose are the 
heavy ones, because in the light ones we cannot be sure, unless more accurate 
calculations are performed for each individual case, that the incoherent process 
may not produce big contaminations; indeed the indications are that such 
incoherent process in the light nuclei may be the main reason of trouble (15). 
On the other hand for heavy nuclei we have shown that at those small 
angles 0 < 0 <1+43£ at which it is necessary to confine the measurement to 
exclude a competition from the coherent process, and at which, consequently, 
both the coherent and the Primakoff process are enormously reduced by the 
sin? 0 factor, the incoherent process is at most of the same order of magnitude, 
at 0=0*, as the coherent nuclear process. 

We finally add that of course one would like to have a direct experimental 
confirmation of the A? or A?’ law at high energy; but that even if the ex- 
ponent of A in (4) would turn out to be smaller, necessarily not much could 
be gained, because of the incoherent production. 


The results presented by Dr. TOLLESTRUP at the 1960 Rochester confe- 
rence and a discussion which one of us (G.M.) had with Dr. TOLLESTRUP have 
stimulated the study of the incoherent process presented here; we would like 
to thank Dr. TOLLESTRUP for this. Discussions with D. LEISS and Dr. OSBORNE 
on the situation at low energy are also gratefully acknowledged. Also we 
thank Drs. BELLAMY, BELLETTINI and Foà (Universities of Florence and Pisa) 
who, since a few months, have in preparation an experiment on this subject 
to be made in Frascati; their interest in these questions has been useful. Fi- 
nally exchange of information with Dr. FERRELL who has been thinking about 
the same problem is gratefully acknowledged. 


(1) Notice that we have not considered in this paper the additional complications 
due to the brehmsstrahlung spectrum. 

() Of course another obvious advantage of the heavy nuclei is their larger cross 
section. 
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RIASSUNTO 


Viene discussa la possibilità di misurare la vita media del 7° per mezzo della foto- 
produzione di x° in un campo coulombiano, secondo una proposta di Primakoff. Si 
dimostra dapprima come la competizione di questo processo con la produzione nucleare 
coerente renda necessario il ricorso a fotoni di energia abbastanza elevata. Tuttavia, 
anche a 1 GeV, la fotoproduzione coulombiana predomina su quella nucleare coerente 
solo in un cono assai stretto attorno alla direzione dei + incidenti; apertura di questo 
cono è di 3° per t = 5-10-178 e soltanto di 2° per 7 = 5:10-16s. Supponendo che le 
difficoltà tecniche connesse a misure ad angoli piccoli possano essere superate, rimane 
ancora da provare che, a questi angoli, non sia predominante la fotoproduzione 
incoerente. Infatti, per quanto la produzione incoerente sia certamente minore per 
un fattore A (= numero di massa) di quella nucleare coerente, la sezione d’urto incoe- 
rente non contiene il fattore sin? 9 che si trova invece sia nella sezione d’urto coulom- 
biana, sia in quella coerente. Viene perciò effettuato un calcolo per la fotoproduzione 
incoerente ad angoli piccoli, usando uno sviluppo in serie di multipoli e regole di 
somma. Si dimostra che, per il piombo, la sezione d’urto incoerente, per angoli piccoli 
è al più dello stesso ordine di grandezza di quella nucleare coerente, in modo tale cioè 
da non essere il termine predominante. Per nuclei leggeri la competizione tra produzione 
nucleare coerente ed incoerente è più dannosa e dipende piuttosto criticamente dalle 
proprietà del particolare nucleo considerato. Si conclude che i nuclei pesanti sono i 
più adatti all'esperienza che a 1 GeV questo metodo di misura della vita media è pos- 
sibile solo se la vita media è minore di qualche unità in 107!6s. 
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Notes on the Static Parity Non-Conserving Internucleon Potential. 
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Summary. —- If the weak Lagrangian density £ consists of self-inter- 
acting charged currents, the inclusion into these of a term linear in the 
pion field leads to a static parity non-conserving internucleon potential 7, 
the general order of magnitude of whose effects no longer depends on the 
quadratic pion terms needed for the conservation of the vector current. 
If neutral currents also contribute to Z in such a way as to make it an 
isotopic scalar, the inclusion of linear pion terms has no effect on Y which 
then remains inappreciable unless the vector current is conserved. The 
origins of such pion terms are discussed; it emerges incidentally that as 
a consequence of time reversal invariance, 7° cannot contain contributions 
arising from the exchange of a single pion. 


1. — Introduction. 


The observation that the exchange of leptons entails an internucleon po- 
tential is as old as field theory itself. Since the nucleon-lepton interaction is 
not reflection-invariant, this potential is parity non-conserving (PNC in the 
following); but being quadratic in the weak coupling constant @ it is, from 
a quantitative point of view, completely negligible. 

More recently however it has been suggested that the weak Lagrangian 
density, £, is of the self-interacting current form (SIC in the following): 


(1.1) L= GI, T,. 


Such a form of Z is intrinsically appealing on grounds of elegance and lack 
of internal arbitrariness; more important, it is a consequence of the picture 


(*) On leave of absence from Christ Church, Oxford, England. 
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according to which the weak decays proceed as two stage processes via à vir- 
tual intermediate boson (1). Along with the terms responsible for the observed 
decays, Z then necessarily contains interactions which lead to a PNC inter- 
nucleon potential of first order in G whose exact strength, range, and sym- 
metry properties depend on the details of J,: In the following we shall con- 
fine ourselves entirely to the static (momentum-independent) part of such a 
potential, which presumably is dominant, and denote it by 7. 

The form of ¥ entailed by the simplest possible expression for J, has 
recently been evaluated to lowest order on the Chew-Low (static nucleon) 
model by Blin-Stoyle (2), who has also considered different ways of detecting 
it experimentally (*). He considers only charged currents and allows in them 
only those terms which are directly necessary if £ is to account for the ob- 
servations on nuclear 8-decay. These include in particular the polar vector 
bilinear in the pion fields postulated by the conserved vector current hypoth- 
esis of FEYNMAN and GELL-MANN (4), so that the strongly interacting nonstrange 
part of J,, which alone is relevant to 7, becomes (*) 


(1.2) J, = ply, a ivs)TLYW oie iV 2 (9,0, da — Po 0,@+) fe 


Blin-Stoyle makes the fundamental observation that the effect on Y of 
the various terms in Z are very different, even though they are all prefaced 
by the same constant G. Thus the static part of the four nucleon contact 
interaction is actually parity conserving, and the importance even of the PNC 
momentum-dependent component is largely if not entirely suppressed by the 
hard core of the (PC) internucleon potential, which prevents the wavefunction 
from penetrating into the region where this component can act. With his 
form of Z it turns out that the effective parts of Y derive entirely from the 
cross terms between the meson and nucleon currents, so that experiments on 
PNC effects in strongly interacting systems actually test the SIC and con- 


(*) As regards the y matrices and the Hermiticity of the spinor covariants we adopt 
the notation and conventions of JaucH and Ronrricu (5). The i-spin matrices are defined 
by t4 =(t, + it,)/2, t==T,, So that the actual + components of the Pauli vector t are 
4/2t... By contrast the corresponding components of the i-vector pion field, @, are 
px = 271g, Lip,). This convention, although making it ackward to keep track of 
factors of 4/2 while dealing with the operators, appears to be too firmly entrenched 
to ignore. Note finally that + emits x* and absorbs x. 

(1) N. Byers and R. E. PEIERLS s«Muovo Cimento, 10, 520 (1958). 


(2) R. J. Brin-StoyLEe: Phys. Rev., 118, 1605 (1960). 

(8) R. J. Brin-StorLE: Phys. Rev., 120, 181 (19€0). 

(4) R. P. Feynman and M. GELL-MANN: Phys. Rev., 109, 193 (1958). 

(5) J. M. Jaucx and F. ROHRLICH: The Theory of Photons and Electrons (Cambridge, 
Mass., 1955). 
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served vector current hypotheses together; such effects would be effectively 
absent if either of these hypotheses is incorrect. Within their framework Blin- 
Stoyle finally estimates the order of magnitude of the ratio of amplitude- 
dependent PNC effects to their PC counterparts as 1077. This is roughly one 
order of magnitude below the upper limit set by experiments to date. 

The point of departure of the present paper is the likelihood that a linear 
(pseudovector) pion term occurs in J,: Since the effects on Y of different 
types of terms in J, vary so widely, it is of interest to trace the consequences 
of this possibility. The ancestry of such terms is discussed in Section 3, after 
some preliminary remarks in Section 2 on PNC nucleon-pion couplings, from 
which we deduce incidentally that in the static limit no one-pion-exchange 
terms can occur in ¥. In Section 4 we consider to what extent a linear pion 
term makes it possible to test the SIC form of Z independently of the con- 
served vector current hypothesis. Such a decoupling of the consequences of 
the two hypotheses is desirable both on esthetic grounds, and also because 
the predictions of the second have not as yet received experimental confir- 
mation (6) apart from the non-renormalization of the vector 6 coupling itself 
which the hypothesis was originally put forward to explain. 

Finally in Section 5 we shall look at the consequences of assuming different 
transformation properties of Z in i-space, such as follow from the specific 
proposals of LEE and YANG (?) concerning the intermediate bosons. 

The appendix deals briefly with the equivalence transformation which is 
a necessary though tacit intermediate step if the strong pion-nucleon coupling 
is to be considered according to the static model. It appears that in contrast 
to the pionic renormalization problem (8) the leading terms in Y are not quali- 
tatively affected by the transformation. 


2. — PNC nucleon-pion coupling and the absence of one-pion-exchange terms. 


The object of this section is to reach some general conclusions about PNC 
nucleon-pion interactions which are linear in the pion field and bilinear and 
non-derivative in the nucleon field, in order to prepare for the discussion 
of couplings which arise when a linear pion term is introduced into J,. We 
shall determine which of these couplings are invariant under time-reversal, 
without prejudicing the question whether they occur directly in the Lagran- 
gian density or are simulated by pionic corrections to a different type of vertex. 


(5) H. WEIDENMUELLER: Phys. Rev. Lett., 4, 299 (1690); cf. also references given 
in this paper. 

(9) T. D. Lee and C. N. YANG: Phys. Rev., 119, 1410 (1960). 

(8) G. Barton: Phys. Rev. Lett., 2, 224 (1959). 
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Conforming to current theory we shall retain only those which are time-re- 
versal invariant, and show that in the static limit for nucleons they cannot 
give rise to one-pion-exchange contributions to 7. The absence of such con- 
tributions has already been noted by BLIN-STOYLE (?) in the special case con- 
sidered by him. 

Our time reversal is the Wigner type treated in reference (°), under which 
y transforms as follows: 


(2.1) y>y'= Dy", 


where the superscript C denotes the operator which is complex conjugate in 
Hilbert space, and where D satisfies 


/ 


È Le a 
(2.2) V = Da DI, 


the star denoting the complex conjugate matrix, and Va being given in (2.4) 
below. 

By time-reversal invariance of an operator Q we mean that under this 
transformation it behaves as follows: 


Q—Q'—=0Q" ; 
by saying that Y changes sign we mean 
DAD =O 


For brevity in the following we shall omit writing the superscript C on the 
right-hand side; its presence is always to be kept in mind, especially in 
conjunction with the factors of è which are needed to make some of the spinor 
covariants Hermitean. 
Under time reversal, the Hermitean covariants transform as follows: 
DE 

Pysp > Psy » 

ie Fo will 
(2.3) py iva py! dl 

— — [A 

PYsVuP 7 TC PY sve > 

rs ed 

PIO, ere? "= PO, ? 


/ . 
where y,, 0, are the regular transforms OÙ 7,3 Oups V0 


u ? uv 


(2.4) Ve Vo er 
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The transformation property of the pion field @ is determined by requiring 


the conventional PS-PS nucleon-pion coupling wy;T:wg to be invariant. In 
view of (2.3) this implies (noting that t., ©, are real) 


(2.5) Po > — Po» Pertica 


The independent non-derivative PNC Hermitean couplings are 


L= Yt py, 
L= Gp + tp), 


L 3 = 1W(TLP_— T-p+)Y ; 

La= YY - 
Inspection of (2.3) at once rules out all but Z ; thus the only surviving can- 
didate is 


(2.7) Pa 1p(T49-— T_P4)P = P(TX Phoy - 
The independent derivative Hermitean couplings are 


Ps = ply Ty’ O.® , 

La = Pry, (t40,p- + T-0,P+)¥ 5 
L= ipiy,(t40,9-—T-0,P+)V è 
La = piy, VO Po - 


There are no tensor couplings in (2.8) because we are not allowing derivatives 
of the spinor fields and because terms of the type Pio,, 0,0, Vanish identically, 


al 


irrespective of how we chose the combinations in 7-space. Furthermore, even . 


if spinor derivatives were admitted, the tensor terms all vanish in the limit 
of static nucleons. 

The requirement of time-reversal invariance eliminates only Z,, but the 
interactions in (2.8) are all vector couplings of a (pseudo) scalar meson, and 
by virtue of nucleon conservation Z, is actually a total four-divergence and 
therefore ignorable. 

If only one meson is exchanged between the two nucleons then it carries 
the entire momentum transfer, say k, and dropping induced terms, which 
vanish in the static limit, the vertex at which Z, or Y, act vanishes by virtue 
of the equality 


(259) UV, RU mil; Yul Ps— Di), Wi = 0. 
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This leaves Z, eq. (2.7), as the only possible PNC vertex of the type 
prescribed by which one-meson-exchange-terms may enter Y. However, 2; 
is the 0 component of a vector in ?-space, and we shall see below that none 
of the fundamental PNC couplings have i-vector constituents (*), whence, 
although admissible under time reversal, Z, does not occur in practice. 

This completes the demonstration that no one-pion-exchange terms occur 
in 7, a simplification to which we shall appeal frequently in the following. 


3. — Linear pion term in the self-interacting current. 
The axial vector part of J, as given by (1.2), 4.4 
(3.1) A nr UY à V5T4+Y ’ 


is just that suggested by the Universal Fermi Interaction picture of the weak 
decays. Since there is as yet no method for performing entirely credible 
dynamic calculations of pionic effects on the final manifestations of the weak 
interactions, we have no way of deciding rigorously whether or not (3.1) can 
account for all the relevant data, chief among which are the charged pion 
lifetime and the observed renormalization of the axial vector coupling constant 
in nuclear 6-decay (its unrenormalized or bare value being taken, by appeal 
to the Universal theory, from p-decay)®!°. 

However, even allowing for this general uncertainty, attempts to derive 
the pion lifetime on the basis of (3.1) have not been unambiguously success- 
ful, and in order to provide a framework which permits a more convincing 
derivation, several models of both strong and weak interactions have recently 
been proposed (14-14) in which J, contains pion terms. Up to the term linear 
in the pion field (which may be either the only pionic contribution, or else 
the leading member of an infinite series), these models replace the À, given 


(*) In order for an i-vector to occur, the non-strange strongly interacting parts 
of J, would have to transform as spinors in 7-space. 
(3) M. L. GorpgerGer and S. B. TREIMAN: Phys. Rev., SUMO EAS (NaS slik, 
354 (1958). Le 
(10) R. F. Sawyer: Phys. Rev. 116, 237 (1959). 
) J. BERNSTEIN, 8. Fugini, M. GeLL-MANN and W. THIRRING: preprint (1960) 
)°M. GeLL-ManN and M. Lévy: Nuovo Cimento, 16, 705 (1960). 
13) FP. Giirser: Nuovo Cimento, 14, 230 (1960). 
) F. Girsey: preprint (1960); to appeat in Annals of Physics. 
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in (3.1) by 


= V2m 
(3.2) Ay =—[Byuvetep ae): 


9g 
where m is the nucleon mass and g the PS-PS coupling constant. The ob- 
served charged pion decay rate is actually that which would be obtained from 
the second term alone, with neglect of all further corrections. 

The effects on Y of the pionic term in (3.2) are therefore interesting already 
from a fundamental viewpoint. But if Y is subsequently to be calculated on 
the Chew-Low model, then there exists also a completely different and more 
elementary reason for including such a contribution to A,. On this model, 
virtual pair creation by the pions is neglected; thus there is no mechanism 
left whereby A, in its conventional form (3.1) could induce pion decay. The 
simplest phenomenological way of removing this inconsisteney is to rewrite 
A, in the form (3.2), appealing to the observed pion decay rate to determine 
the coefficient of the second term. (As far as ¥ is concerned, this can be re- 
garded as a simple way of compensating for the omission of those diagrams 
for instance in which the four-nucleon terms in £ attach a closed loop to 
one of the external nucleon lines, one at least of the exchanged pions then 
originating from this loop.) 

It so happens that even in a fully relativistic PS-PV theory with À, given 
by (3.2) there is a cancellation (to within a small correction of order u/m) of 
all diagrams contributing to pion decay, other than the diagram featuring just 
the second term of A, by itself (2). Therefore in our particular case the 
Chew-Low model’s neglect of virtual pairs introduces no error as regards pion 
decay, and the two reasons we have given for including the pion current 
in A, become precisely complementary in the following sense. If this term is 
already present in the basic current A,, we need merely retain it for A, to 
continue to yield the correct pion decay rate in the Chew-Low model; if it 
is not present in À,, it still remains exactly the expression to be used phenom- 
enologically in order to reproduce the decay rate within the model. 

Whichever viewpoint is adopted, the relative phase of the two terms in As 
proves to be important (*). The models mentioned above lead to (3.2) directly, 
but if the pion term is regarded as compensating for pair suppression in the 
Chew-Low model, then even though its magnitude may be taken from obser- 
vation, its phase relative to the nucleon current must be calculated. Again 
it turns out to be as written in (3.2), according both to simple perturbation 
theory (which of course completely fails to yield the right magnitude), and to 
more sophisticated methods (19). 


() In practice, it turns out that as long as they are relative real, a phase difference 
of a is without consequence. 
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4. — Effect of the linear pion current on 7. 


41. Introduction. — If the vector part V, of the self-interacting current 
is conserved, then the new PNC terms introduced into the Lagrangian by 
adding 0. to A, vanish, since by one partial integration we can transform 
them as follows: 

; Ti A age = 
(4.1) PC Pa Hip = 

The rest of this section is therefore concerned with the etfect of the linear 
pion current in the case that the mesonic part of V, is absent. It will be con- 
venient to start by giving a consecutive discussion of what we shall call the 
conventional case, in which J, is the + component of a vector in 7-space: 


iy 
POTD 


(4.2) ths == (iv, 0 a dV5)T+Y "n a q On ul ù 


This is the analogue of the case treated by Blin-Stoyle. Once it has been dealt 
with it will be trivial to indicate the changes that must be made in Y if 
neutral currents are also included in Z. 

We saw in the last section that there are no one-pion-exchange terms in Ÿ. 
This makes it convenient to transform the PNC Lagrangian density to a form 
which is already bilinear in the pion fields. Dropping all PC terms, as well 
as the PNC four-nucleon contact terms, we have 


Gv2m —. à mae = 
(4.3) ano (Pty nT PO nP-+ Pty pT Pou Pry - 


After one partial integration, the field equations 


(Y, CC m)y an g(T'@)y5y =. 
(4.4) 


w( po | m) | gP(T-p)y; = 0, 
enable us to rewrite £ in the form 


iGr/2m = are = 
ET th ZI t_]yp+} . 


By virtue of 


(4.5) [T:, tT] = 2iTxp 
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this becomes 


(4.6) L= — 24/2 mipys(T:p- — T-P+)Po¥ - 


The cancellation of the strong coupling constant g could be thought of as just 
a numerical coincidence, though in the light of the remarks made in the last 
section it probably has deeper significance. 

Because py;y lacks a straightforward static limit it is convenient to trans- 
form Y once more, bringing it into a form closely similar to that which ob- 
tains in the conserved vector current case. To this end we add to Z the four- 
divergence 


(4.7) A = V26i OAV? Vs (T+P- — T_P+)DoY} ; 


by using the field equations we find 


(4.8) L= V 2G (Py s TPO P Po) — Pryst-PO (PA: Po)} - 


In going over to the Hamiltonian formalism we retain only terms to first order 
in G; then in the static limit the PNC Hamiltonian is given by 


(4.9) H = V2 Gio {r+ (p_Vpo + PN G-) — t-(P+VGo + poVp+)} - 


This can be compared to the corresponding expression in the case of a con- 
served vector current, which is 


(4.10) H'= V2 Gio -{t+(p-Voo — PoV p-) — t-(p+V Go — poVP+)} - 


Before proceeding to evaluate 7%’, we recall that this merely amounts to 
integrating the pion field variables out of the two nucleon problem to sue- 
cessively higher order in the (PC) pion-nucleon coupling constant f. A par- 
ticularly important consequence of this observation is that the transformation 
properties in i-space of # and 7° must be the same. 


The pion-nucleon coupling we use is just the conventional one for the 
static model: 


(4.11) H = ves ot Vp. 
ad 


No cut-off has been imposed anywhere above, in view of the fact, which has 
been discussed already, that virtual mesons of high momentum affect the 
behaviour of Y only at small internucleon distances, at which the wavefunction 
vanishes because of the hard core. Since 7 is eventually to be used in a per- 
turbation calculation its behaviour inside the core is irrelevant. 
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42. Evaluation of 4. — The explicit evaluation to order f? of the Y re- 
sulting from (4.9) is straightforward, since we already know that both the 
pions emitted at the PNC vertex by one nucleon must be absorbed by the 
other. It turns out that to this order / vanishes, a result which at first sight 
is perhaps a little surprising in view of the superficially close similarity of # 
to #', it being known that in the conserved vector current case the latter leads 
to a non-vanishing Y by an exactly parallel procedure. 

The reason for the cancellation lies in the i-space transformation properties 
of # ; this, after a symbolic partial integration, can be expressed succinctly as 


(4.12) H = Gogol (Vt) X Pho - 


Thus # is the 00 component of a second rank tensor whose trace vanishes by 
virtue of the identity 


(4.13) DIT PU, 


Therefore 7° must also be the 00 component of such an (irreducible) tensor, 
in which the isotopic dependence lies entirely in the 7-spin matrices, t? and 
x®, of the two nucleons. The only such tensor is 


(4.14) To = {bjt «nl — a: ; 


and Ty cannot occur in the f? contributions to Y. To see this, let us label 
by (1) the nucleon which emits the two pions by means of #%. To order f? 


there can be no pionic corrections to the PNC vertex, so that only +? and 7° 


can occur in Y°, but not 75”. But Ty) does contain 76, whence to this order 7° 
must vanish altogether, as indicated by the explicit calculation (*). 

The leading terms in Y are therefore of two distinct types. There are 
two-pion-exchange terms arising from radiative corrections, and three-pion- 
exchange terms. Both types are of order f', while the leading terms in the 
conserved vector current case are of order f?. 

At this point we observe that in the analogous problem of ordinary (PC) 
internucleon forces, the one-pion and two-pion-exchange contributions are 
actually of comparable importance, because the two-pion terms although pref- 
aced by a smaller constant (f? @ 0.1) dip much more steeply just outside 


the hard core and dominate in its immediate vicinity. Since the situation 


(‘) For completeness, note that no such cancellation need (or indeed does) occur 
in Y, since 7 can be written as Go-{t:(p x VP) — (px Ve~p)o}. This is a mixture 
reducible to a scalar and a second rank symmetric traceless tensor, whose relative pro- 
portions in any given form in Y can be determined only by explicit calculation. 
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in our case is similar, we reach two crucial conclusions. First, of the two types 
of terms of order f', those arising from two-pion exchange are likely to be 
negligible in their effects compared to the three-pion terms. (This presumes, 
according to the spirit if not the letter of the static model, that integrals 
over virtual pion momenta are of order unity, so that an integral over an 
extra momentum does not compensate the accompanying factor of f?. In the 
Appendix we shall make an equivalent assumption by supposing that suc- 
cessively higher order renormalization terms decrease in importance.) Hence 
we neglect such two-pion terms in the following, and concentrate solely on 
the three-pion-exchange contributions. Second, again because of the steeper 
drop near the origin, the fact that the leading terms in 7° are of order f* does 
not necessarily imply smaller PNC effects than are predicted if the vector 
current is conserved and the leading terms are of order f?. When the three- 
pion terms have been calculated we shall present some rough numerical esti- 
mates in support of this conjecture. 

The calculation of the three-pion-exchange terms is a tedious matter which 
we present only in outline. One could use either a purely diagrammatic method 
or else apply a sequence of unitary transformations which eliminate the (PC) 
couplings of the two nucleons to successively higher orders in the meson field. 
In practice we adopt a compromise approach in which the PC coupling of 
one of the nucleons, say nucleon (2), H‘®, is transformed away in favour of 
a e-number term and a two-meson interaction, denoted by H? and H” re- 
spectively. Thus nucleon (2) can emit or absorb pions only in pairs. The trans- 
form of the PNC coupling of nucleon (1), #7, is given by 


GED — BES ae OH À 7 


where 3” ? is a PNC vertex which can emit or absorb pions singly, but has 
a one-pion-exchange already built into it in c-number form. 

It can then be shown that the only three-pion-exchange PNC diagrams to 
order f' are those of the following general type: nucleon (1), say, emits 
a pion via 64; this pion is reflected by H, the reflected pion being finally 
absorbed by the q-number part of the transform of H™, which is just the orig- 
inal H itself. A further simplification results from the known form (4.14) 
of the 7-spin factor of 7’, which makes it sufficient to evaluate only the part 
proportional to 1/7? and then symmetrize the result. 

One finds finally 


È : 1 A 
(4.15) pe — = dla 8 Feo! x cl - )— (P"G' de F'G") x 


Here, Ts is given by (4.14), R=n-%, È is the unit vector along R; the 
primes denote differentiation with respect to R, and F and G are functions 
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of À alone, defined by 


(4.16) F = Yexp[ik-E]]oî = (4xR) !exp[—uR], 
k 
exp [ik:k , 
(4.17) G = > P a = Qatk)- | k(k?-+ u?) 5 sin (KR) dk . 
k le E 
By using the representation 
(4.18) Je + a?)-* cosede = K,(a) = (ix|2)H (ia) , 


0 
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and the recurrence relations for Bessel functions, it is possible after some manip- 


ulation to rewrite 7° as 


(4.19) V = — f*Gu3(2)-2 Ta (o Xo -R) A(z) , 


where «=u and 


(4.20) À(æ) = exp [— 2x]a (1 + a) {(i/2) HS (ix) [2 + 2a + w+ aw] nt + 


+ (7/2) HP (tx) [2 + 2x + 80? + Tx? + Txt + 295 


2a? |. 


For comparison we quote the leading term in the conserved vector current 


case as given by Blin-Stoyle: 


AZIO f2Gus(27) {ra + tr 2) — lo <a fe] A (Gs 


A (xv) = exp [— 2a]a*(1+ @)*. 
The asymptotic form of A(x) as x — co is 
(4.22) Ma) ~ (1/2) exp [— 3x] {1 — a4/8 + O(a) , 


while as € >0 one has 


(4.23) Ma) — 2a. 


Both these asymptotic forms are actually somewhat misleading. Detailed in- 
spection shows that on the one hand the (only) zero of A(z) occurs far enough out 
for the positive tail to be quantitatively insignificant; on the other hand the hard 
core radius is sufficiently large to prevent the wavefunction from penetrating 
into the region where (4.23) is a good approximation. Furthermore, even if 
the behaviour of À(x) at such small distances were of interest, one would have 


to employ a cut-off to make it at all meaningful. 
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43. Comparison of Y and Ÿ°'. — The object of this subsection is to sub- 
stantiate the conjecture made above that the steeper drop at small distances 
of ¥ as compared with Y can, at least in part, compensate the smaller strength 
constant. A similar mechanism may conceivably boost the effective strength 
of the PNC potential relative to the PC nuclear forces, in which case previous 
estimates (2) of the expected magnitude of PNC effects in nuclear systems 
might have to be revised upward. At this time however we confine ourselves 
entirely to a comparison of Y and ¥’, since even this simpler task 
is too complex to allow more than a rough plausibility check on our assertion. 

We intend to form a representative estimate of the relative amplitudes 
of parity impurities admixed into nuclear states by Y and 7”. Both these 
potentials are so weak that a first order perturbation treatment would cer- 
tainly be adequate if only we knew the nuclear wavefunctions spanning the 
unperturbed states of sharp parity. In the absence of such information we 
envisage, for definiteness, a fairly heavy nucleus and argue as follows. The 
amplitudes of admixture are likely to be governed by the two-body matrix 
elements of Y (7) taken between opposite parity states of a pair of nucleons 
colliding in nuclear matter. The relative wave function of the nucleons vanishes 
inside the hard core, and approaches the unperturbed form with a healing 
distance of roughly k,*, k, being the Fermi momentum. We ignore aii com- 
plications due to spin and 7-spin operators, and confine ourselves to evaluating 
the following radial integrals: 


fae CUPPA, (eat n 
(4.24) cnet ic dr j,(Hr)j,( Kr) (1 — exp [— kal? FH at ur) 


Te 


The integrands are constructed as follows: The two nucleons with relative 
energy K?/2m come together in an S-wave (j)(A7r)) and separate in a P-wave 
((Ær)), both the initial and final functions being modified by a factor 
(1 — exp [—k,(r —1,)]) outside the hard core (radius r.) and vanishing inside it. 
We are neglecting the modification of the relative wavefunction by the at- 
tractive PC forces; these will increase the wavefunction at small distances so 
that we are actually underestimating Y relative to W”. 

For our purpose, only the ratio 9 of I to I’ is relevant. o is actually a 
function of (K/u), (k,/u), and (ur.); since it is far more sensitive to (ur.) than 
to the other variables we have, for this first orientation, fixed K = k= Qu. 
We also adopt the value 0.08 for f?. We have evaluated I and I’ numerically 
for these chosen values of Æ and k, and for three different values of 7, — ur. 
The results are given in Table I. 

The current value of r, is in the vicinity of 0.4:10-13 em. By inspecting 
Table I, and recalling that it actually underestimates 0, we conclude, in the 
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TABLE I. 
= ip. (10-2 om) I{f/(2x)2} T'{f/27} 2 = Il 
0.2 0.29 7.05 0.141 0.635 
0.3 0.43 1.78 0.090 2 0251 
| 0.4 0.57 0.728 0.063 6 0.145 


case of charged currents only, that even if the vector current is not conserved, 
it appears likely that amplitude-dependent PNC effects in nuclei remain 
between 0.3 and, say, 0.5 times as strong as they would be in the conserved 
vector current case. 


5. — Other forms of self-interacting currents. 


So far we have been concerned exclusively with the case where the self- 
interacting current J, is the +component of an 7-vector, so that Z is of the 
form 


æ yur y qu 
(5.1) CS EE HE AS 


This corresponds to charged intermediate boson fields without neutral counter- 
parts. 

LEE and YANG (7) have recently proposed a detailed hypothesis concerning 
the intermediate bosons, in which neutral components play an essential role. 
For our purpose it suffices to note that when this scheme is translated into a 
language from which the intermediate field has been eliminated, it corre- 
sponds, as far as the non-strange strongly interacting fields are concerned, to 
substituting for Z as given by (5.1) the <-scalar 


(5.2) AA 


In the conserved vector current case one now has 


(5.3) H'= Go{t:pX Vo}, 

which in lowest order leads to 
2G y = 

(5.4) FRAZ i SE (cD ee lo oh) XK (a) ; 
27 


In the opposite case one must make a similar replacement in (4.12) and finds 
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the remarkable cancellation 
>) H = Go {p:(Vr) x py = 0. 


A corresponding identity holds already for the Lagrangian density, so that 
with an i-scalar Z of this type addition of a linear pion term to J, has no 
effect whatsoever on Y irrespective of whether the vector current is conserved. 

We conclude that in this scalar case the SIC hypothesis can be tested only 
if the conserved vector current hypothesis also holds. 


* OK OK 
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APPENDIX 


If the fundamental (PC) nucleon-pion coupling is believed to be the PS one 
then the use of the static interaction (4.11) in conjunetion with other couplings 
of pions and nucleons, either to each other or to different fields, raises some 
problems of principle which have been treated in a different context elsewhere (*). 
In brief, (4.11) must in that case be regarded as resulting from a unitary trans- 
formation (the Foldy-Dyson equivalence transformation) of the entire Hamil- 
tonian with PS-PS coupling. To a first approximation (4.11) then replaces 
the usual PS-PS interaction; but if other interaction terms are present then 
these must also be transformed simultaneously, and any new parts of their 
transforms included in the total Hamiltonian in which the strong nucleon-pion 
coupling is represented by (4.11). 

In the case of the pionic renormalization of non-pionic vertices, these new 
terms transformed into the Hamiltonian are found to lead to physically un- 
acceptable results, making the use of the static model suspect, at least in such 
contexts. 

The present situation is somewhat different, since we are specifically not 
interested in questions of renormalization, and desire only to obtain the leading 
terms of a two-nucleon potential. This difference in orientation naturally does 
not alleviate the difficulties mentioned above, but at least it enables one to 
shelve them while dealing with the particular problem in hand. In the spirit 
of these remarks, the only question relevant to % to order f' is whether the 
transform of # or #” contains new terms which couple the nucleons to expres- 
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sions up to cubic in the pion fields. Other types of coupling can contribute 
only to the renormalization of terms already present, or to four-pion-exchange. 

On performing the transformation in the standard way (*) in either its 
strong or its weak form, it appears at once that no such terms enter, the first 
new types of coupling which survive in the limit of static nucleons being already 
quartic in g. Hence as long as we are not trying to calculate renormalization 
effects the equivalence transformation introduces no new features into Ÿ° or #7. 


(*) Since the equivalence transformation involves y; in a crucial way, it must of 
course be applied to the full Hamiltonian resulting from £, and not only to its static 
limit. The static limit must be taken again after the full transform has been obtained. 


Notes added in proof. 


1) New evidence in favour of the conserved vector current, postdating that of 
ref. (5), has been given by M. E. NorDBERG, F. B. MorInIGo and C. A. BARNES: Phys. 
Rev. Lett., 5, 321 (1960). 


2) The author has been informed privately that the vanishing of #° to order f* 
had already been noted by R. J. N. PHiLLips (unpublished). 


RIASSUNTO (*) 


Se la debole densità lagrangiana Z consiste di correnti cariche autointeragenti, 
l'inclusione fra queste di un termine lineare nel campo pionico porta ad un potenziale 
internucleonico statico Y° che non conserva la parità, ed ha effetti il cui ordine di 
grandezza generico non dipende più dai termini pionici quadratici necessari per la con- 
servazione della corrente vettoriale. Se anche correnti neutre contribuiscono ad Pain 
modo da renderlo uno scalare isotopico, l’inclusione di termini lineari pionici non ha 
effetti su Y°, che rimane inapprezzabile a meno che la corrente vettoriale sia conser- 
vata. Si discutono le origini di tali termini pionici; ne risulta incidentalmente che in 
conseguenza dell’invarianza rispetto all’inversione del tempo, Y° non può contenere con- 
tributi derivanti dallo scambio di un singolo pione. 


(*) Traduzione a cura della Redazione. 
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Closed Formulae for the Statistical Weights. 


F. CERULUS 


Institut Interuniversitaire des Sciences Nucléaires - Belgique 
CERN - Geneva 


(ricevuto il 10 Ottobre 1960) 


Summary. — The branching ratios between the different charge distri- 
butions of mesons emerging with a given multiplicity from a high-energy 
collision are computed from isospin conservation and a statistical hypoth- 
esis on the probability of the possible end states. The method uses the 
Wigner-type of projection operator in group space and yields a closed 
formula, which is entirely general, for the weights of the different charge 
states. The formula is especially simple in the case of » isospin 1 particles 
coupled to a low total isospin. Cases with » isospin 1 particles and one 
or two isospin 3 particles are simply related to the former result. 


In the analysis of multiple production experiments from high energy col- 
lisions, the need arises to know the branching ratio between channels with 
the same multiplicity but different charges of the end particles. Æ.g. between 
the reactions 


Pre 
pp? x° 


pepe 


pari! 
nnrtrt 


If the following assumptions are made 
a) conservation of isospin and charge; 


b) equal weight or each possible isospin end state with fixed 7 and Ts 
(« statistical hypothesis ») 
it is possible to compute those branching ratios. 
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Indeed, one knows the total isospin 7° and T° from the initial state of 
the colliding particles. If we choose an orthonormal system of base vectors 
IT, Ts, «> in which to describe our isospin end states, then the state after the 
collision is given—in isospace—by 


(1) > Cy | LBS 1%, x) 


Here « stands for all additional quantum numbers required to describe the 
n-particle state completely in isospin space. But the system of the |7, 7, «> 
is not the one used by the experimentalist who measures the end products 
of a collision. He describes the nature of the final particles and their charges, 
his measurement states that the state vector of the system in isospace is of 
the form 


(2) OT Ba Oo 


where: t,: isospin of the i-th particle, 
0, = (t3); = 3-rd component of t,. 


Assumptions a) and b) mean that the transition matrix element squared 
ele, Ro CAD PAU ANNEES oe moi i? 


is independent of x‘ (2° and x” represent the quantum numbers for the state 
vector in ordinary space), and vanishes for TT and TPAT;,. Because 
the initial state is a two-particle state T° and 7 suffice to define it in iso- 
space. The probability for state (2) is therefore in general 


2 


| 1043 + En On LAIT US TE 


(3) Oe eer tO pels, TETE, FONT RAT ee 


x 


but because of b) 


(4) ROS TI eS 


x 


where F(x”) is a function depending on the nature of the particles produced, 
on the configuration in p-space, and also of course on the initial condition, 
before the collision, but not on «°. 
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We see that the probability of certain charges 6,, ..., 0, will be given by 


sil 


CMS PACE UE Salil eee 


sot 


and this is independent of the configuration in p-space. 
The method used up to now (*) to compute P;” 4, was to choose expli- 


citly a complete orthonormal system |7,7;, x), and to carry the summation 
È out, using of course the special properties of the system chosen to introduce 


Jimpline ations whenever possible. 

What one does in fact is to compute the projection of |t,0,, ..., t,0,) on all 
base vectors of |7, T;, «> and build the sum of the squares. This is nothing 
but the square of the projection of |t,0,, ...,t,0,) on the subspace spanned 
by the base | 7, 7;, «> (for 7, T; given). Consequently, if one could compute 


directly the length of this projection, one could dispense with the computation. 


of the components. 

The vectors |t,0,, ..., t,0n) span in fact a representation space of the rota- 
tion group. If one performs a rotation (defined by the Euler angles «, f, y) 
these vectors transform according to 


o:(By)|t,0,, «++ 4,0 


n 


(6) ARE = > Deo (apy) De. o (a By) .. 


(07) 


On On 


and the matrices 


— 
cai 
— 


De AI =D (apy) .. De 0, (XB) 


form a representation of the rotation (xy). 

This representation can be reduced into a direct sum of irreducible repre- 
sentations, by a suitable transformation. The reduction is equivalent to finding 
the invariant subspaces in the space of |t,0,, ..., t,0,). In particular to the 
irreducible representation of degree 2741 corresponds an invariant subspace 
of dimension 274-1 whose base vectors are transformed among themselves by 
any rotation (xby). The vectors |7, 7;, «> belong necessarily to such a sub- 
space. There may be more than one subspace of dimension 27-41, because 
the representation in the space of the |t,0,, ..., t,0,) may contain more than 


() F. CerULUS: Suppl. Nuovo Cimento, 15, 402 (1960); here a coupling scheme 
is used where the (i+1)-st particle is coupled to the i previous ones. This leads to 
recurrence formulae involving Clebsch-Gordan coefficients. A. Pars: Ann. of Phys. 
9, 548 (1960); the x are quantum numbers characterizing the symmetry of the wave 
functions. For 7—0 and 7=1, this is sufficient to define a complete base for many- 
pion states. 


LS 
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once the irreducible representation equivalent to Z7. Let us call the direct 
sum of these subspaces 7/7, 

We now recall the form of the projection operator of a vector from the 
|t,61,---, t:0,) space onto the subspace I". 


27 + 


(8) Pi = SIONI sin B xP*(xBv) Do, 05...; 0409... 9 


where (1/8?) | dec| dy [ap sin f is the invariant integral in group space 7“ (xy) 
is the character of the rotation (xy) in the representation of dimension 271. 

D565, ...:0,0)... 18 the rotation operator in the space of |t,0,, ..., tn0,), and is 
given by (7). 

(8) is the application to the rotation group of a general theorem on such 
projection operators for finite groups or continuous groups which allow an 
invariant integration in group space (*). 

To get the square of the projection of |t,0,, ..., t,0,> on I™ we build simply 


FO MU) ETIAM tet tals 


because for any projection operator P?= P and P is hermitian. 
Consequently 

ee 
(9) Pi, = = abe [of | ap sin By" fy) BEB0B2) … Whe ab) 


It is now a matter of straightforward computation to find P,%, in each case. 
Indeed, let us consider the expressions for y and 2° 


LOM Da ml Opy |= a = si Pr (cos B) exp[— ima + y)], 
(10a) x (aby) = > Dont) , 


with 
(10b) 2” (x) = Jacobi polynomial = 


== ire SE = 3 È T uN if | (x = 1 NY, + it We 


= y — =D 


(*) E. WiGNER: Gruppentheorie und Quantenmechanik, chap. XII. 
(**) Cf. e.g.: A. R. EDMONDS: Angular momentum in quantum mechanics, CERN 55-26. 
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With these expressions (9) can be transformed into 


0: +09 + 
Ane. po fa x|ay] ap sin ( ad 


[TI Pas 201, (cos B) exp [— (6: + 0, +... + 0)(c+ y)]]- 
i=1 
| x È LE? n exp [+ imix + y)]], 
m=-T = ? 
+1 
(12) = (27 +1)2-2- Jar + a nym Pe) [IL Pt, )], 


ll 


270 
where we have used that (1/27) I exp [ima] dx = òo,m (Kronecker 6) and where 


0 
m= 6,+0,-+...+6, = T, and «= così. 3. 
The integrand is a polynomial of degree N=7+dDt,—2m. If we re- 


. = 
present it by È 
N 
el 
> 4,2 
j=0 
then 
[4/2] f 
(13) PO Oa) ee 
j=0 29 +1 


Formula (10) assumes that m > 0. This is no restriction because one can prove 
easily (*) that 


(7) A (7) 
Piace = P 4 


It is obvious from the foregoing that P;° , does not depend on the order 
of the 6;. 

If one does not label explicitly the particles of the same kind (which are 
in general distinguishable because they have different momenta), one shall 
want to sum over the different permutations of the 0,, +... 0, which give rise 
to distinguishable states. Permutations which shuffle only particles of the 
same kind and charge among themselves do not lead to distinguishable states. 
In order to find then the probability of a certain charge distribution one has 
to multiply the coefficient P,” , with the number of permutations of the 
6,,..., 0, which give rise to a reordering of the numbers 0, to 0,. One permutes 


(*) F. CeruLUSs: loc. cit. 


al 
Le] 
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of course only the 6’s belonging to the same kind of particles. This coefficient 
we shall denote by *P, 

If e.g. we want the weight of the charge distribution of pions, in isospin 
T-states, without consideration of their momenta, we get for this 


! 
la } n! 
Probability form, Moore = Pro ngn = Re 
Ne Noi Ni ——— La _ 
ny Fo ma 


The properties of the EA o, due to the unitarity of the transformation between 
the vectors |t,0,, ...t,0,) and |T, T;, x) have been discussed already (*). Let 
us recall only that 


* (7?) ES (T) 
Di Pacha ADIGE 


(8) 
Mixed 


where the sum is over all combinations of 6,, ..., 0, such that 0,+0,+...0,=m 
remains constant. 0‘ is the number of independent isospin functions that 
can be formed to a fixed 7 and 7, with the given number of particles having 
isospin ¢,, 2 + în 0 has already been computed (*). 

We shall now consider a few important cases and calculate the formula 
for each of them. 


A) Case of n pions. — Here we have only to consider Z,,, in (9) 


Dia, 41(xBy) = exp [— (a+ y)]z(1+ cos B) 


ont 
Diaby) = cosp t? = > Dm 


m=—1 


BD*,,-s(aBy) = exp [ia +y)15 (1 + cos 6) 


and (12) reduces to (ny, %, n_ are the numbers of T*, n°, 7° respectively ; 
M= ny N) 


+1 
14) JES ay = (27 +-1) aml Lg) ao" Pre, (a) da, 
+ 


which is easily expressed as à double sum 


rem/T—m\f T+m \, 
PE gn = (2 + Dent ( Le en 


cor Vv —m—yY 


-[A(2n, + », no, T-M— vp (—1) A(T — m — 4», Nos 204 + v)], 


(*) F. CERULUS: loc. cit. 
(**) Y. YEIVIN and A. DE-SHALIT: Nuovo Cimento, 1, 1147 (1955); B. M. BARBASEV 
and V. S. BarageNnKov: Suppl. Nuovo Cimento, 7, 19 (1957). 
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with 
Si) (p + b)!e! 
5 Ar Wy € | — a 
oe ee resa 
Especially : 
ioe FW) 
de ea 1 
2—2n+ = 2 
») 7 ISO). | 
3 g=0 \ 29 / No + 29 +1 
(16) Diners a | i i ; 
a | 2n4 | 1 
“ £o\29+1/m+29+2 
Hoe ie 
dori eh SL NM +1,n_ ? 
ipa Ae 
(17) 
Ds = SRE 
Ty Ag 


for », even, 


for », odd. 


B) Case of 2 nucleons and n pions (or 2 K-mesons and n pions). — Be- 


cause De m= exp [im(a+y)] cos (8/2) we have, from (9) or (12) 


+1 


(18) Pr ada (QI SIE 1) I] (1 =o D)" nm gm Pe" (a) dx ; 


—1 


as 


2n4 +1, 


N+ Ne EM = 2 + Mk Me | Om. 


De 
DY NN 


for pp, 
for pn, 


for nn, 


we find, by comparing (18) with (14), the following relations with the coeffi- 


cients for n pions only: 


PT at fe) 


DP, NY My N_ ny +1,n).n_ 9 


(19) Pa = Po 


MMM MT My, Nos N_ +1 ? 


(7) SQ 41 (7) (7) 
FRE ar PES + Eee : 
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C) Case of one nucleon and n pions. — Formula (12) in this case becomes: 


al 
T 6 = à 3 ! des s21 3 
VE ca =a (27 = 1 ) a deg i | (1 + Gp) Pea Mee es ogha Pi en) da . 
1 


Let us put 
L=J+4, m= Mas. 


Then 
+1 
Pi: Ny tt —— 2(J =e 1) germe (1 SE d)2"+ mit ro Ra) be = 
= 


== (if 1) Q-@4+n_+I4+1)(__] \ SO) 
(J+1) EN ea 


v=0 


St (7 À (È +M+ ,) 
? 


(20) LAN +1 + v, no, J— M — y) + (—1) AT — M — y, no, 2n,+1+7)], 


with the same definition of À as in (15). Formulae (20) and (15) are very similar, 
and suggest also in this case simple relations with the coefficients for » pions 


only. 
Especially : 
TA 
For ics 1) —= Orands Al 0°, 
tn + 
(3) = (0) (0) 
dete a soa + Etre ’ 
(21) 
(4) 20 LÌ 
LIE a DR Fak Va) Li 
pa 
For OR I EVOL AE ihe 
m= 
(3) = (0) 9 pio = pO) 
IRE, = ae Mae as 2A Se ’ 
(23) @) (0) (0) 
z == 5) 
DENT = OL arenes AP ieee b) 
T=3 
For ve Jan Mal ny n_=1 or 2, 
[mi 
8 = py 9 po 
. ae nre di n ri DE DIRE ET ’ 
(23) 
3 = i) 
RAI vi de ) 


SN 
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The author is very much indebted to Professor A. GAMBA for suggesting the 
use of projection operators in this problem. 
Hospitality at CERN is gratefully acknowledged. 


RIASSUNTO (*) 


Si calcolano i rapporti fra le differenti distribuzioni di carica dei mesoni emergenti 
con una data molteplicità da una collisione ad alta energia in base alla conservazione 
dell’isospin e ad una ipotesi statistica sulla probabilità dei possibili stati finali. Il metodo 
sfrutta l’operatore di proiezione di tipo Wigner nello spazio dei gruppi e fornisce una 
formula chiusa, del tutto generale, per i pesi dei differenti stati di carica. La formula 
è specialmente semplice nel caso di » particelle con isospin 1 accoppiate ad un basso 
isospin totale. Al precedente risultato si riferiscono in modo semplice alcuni casi di 
n particelle con isospin 1 e una o due particelle con isospin +. 


(*) Traduzione a cura della Redazione. 
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Identities between Strong and Weak Interactions. 


H. SHIMODAIRA (*) and Y. TAKAHASHI 


Dublin Institute for Advanced Studies - Dublin 


(ricevuto il 10 Ottobre 1960) 


Summary. — Models of the axial vector weak interaction proposed 
by GeLL-Manx and Lévy are further investigated. The condition 
Po ian (x), on the weak axial vector, under which the identity 
— GG = (15/03) VZ(f/f0) dx(0) Fx(0) holds, is somewhat weakened. It is 
also demonstrated that the « generalized Ward identity» derived by 
BERNSTEIN et al. should really be replaced by the equation (2.20) in Sec- 
tion 2. The pion decay process into leptons is discussed by introducing 
the direct coupling between them, in addition to the four-fermion inter- 
action. It is pointed out that the presence of the direct coupling between 
pion and leptons does not alter the above relation for the ratio G,/G, its 
value being independent also of the constant for direct coupling. 


1. — Introduction. 


GeELL-MANN-LÉvy have proposed models of the axial vector interaction 
in which the axial vector current satisfies 


(LU) Pi u(®) = tan (æ) , 


[ope 


where 7°(x) is the pion field (1). These models have been elaborated by several 
other authors (7). 

We propose to examine in this paper the necessity of the condition (1.1), 
by taking a special model described by the Lagrangian (2.1), where the con- 

(*) On leave of absence from Nagoya,University. Present address: Institute for 
Theoretical Physics, University of Copenhagen. 

(1) M. Gezz-Maxx and M. Lévy: Nuovo Cimento, 16, 705 (1960). 

(2) J. BERNSTEIN, M. GELL-MaANN and L. MICHEL: Nuovo Cimento, 16, 560 (1960). 

(3) J. BERNSTEIN, S. FuBINI, M. GELL-MANN and W. THIRRING: Nuovo Cimento, 17, 
757 (1960). 


a 34 - Il Nuovo Cimento. 
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dition (1.1) is somewhat relaxed. We shall show that under the relaxed con- 
dition 


(1.2) Pi Av) = Ua + LI) a" (a) , 


a 


we still arrive at the relation 


(1.3) A416 = VAP ao F0) 


which was obtained by GeLL-MANN-LÉvy under (1.1) (1) (*). We also point 
out that the « generalized Ward identity » derived by BERNSTEIN ef al. should 
really be replaced by the equation (2.20) in Section 2 (?). We then apply the 
relation (1.2) to the ©-decay process. It is however remarked that nothing 
definite can be concluded from this kind of model, in spite of Gell-Mann-Lévy’s 
attempt, since this model corresponds to the introduction of direct coupling terms 
between a pion and its decay particles. An important problem is rather to 
obtain the observed value —G,/G=1.25 from the renormalization theory of 
strong coupling. However, we will not attempt to tackle this problem, but 
will illustrate a method of deriving the identity between strong and weak 
interactions, similar to that used to prove the generalized Ward identity in 
quantum electrodynamics (*). Two examples are given in the Appendix. 


2. — Gell-Mann-Lévy’s identity. 


We shall discuss a system described by the following Lagrangian density: 


(2.1) P(x) = L5(n) + £7 (a), 
(2.2) PS(œ) = — ZN (a) [yd + m]N (a) eae ts (x) — Zn”, (a (0) + 
+ mi n° (0)} + 173 Omen (x)n"(x) — if,Z, x) Ys Vt N(x)n* (x), 
ape ab A 
(2.3) L (0) sar i mil ol 6) F,,(æœ ) > 2 mi x Bale t) Bi (a) a 


— iGeN(a)y; yy N (@) Brn) — G42 Bx* (x) BY(a) , 
where 


Fuy(®) = By u(0) — Biya) 


(*) The notations used here are the same as Gell-Mann-Lévy’s (1). 
(4) Y. TAKAHASHI: Nuovo Cimento, 6, 371 (1957). See also K. NISHIJIMA: Phys. 
Rev., 119, 485 (1960); K. SYMANZIK: Nuovo Cimento, 11, 269 (1959). 
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and 6 is a constant which is unrestricted throughout our discussion. A quan- 
tity fp’ defined by 


(2.4) p'= Ph2:23 


will often be used instead of 6. In equations (2.2) and (2.3), we have used 
«renormalized » quantities, but of course this does not mean that all the di- 
vergences are eliminated. The B*-field is normalized so that [@,]= L? in 
the units #=c=1. 

We now examine the connection between the strong vertex part with the 
coupling constant f, and the weak vertex part with the coupling constant Ga 
which is assumed to be small, and is taken into account only up to the first 
orderin iG. 

The equations of motion for the respective fields are 


(2.5) (yo + m) N(x) = dm N(x) — if, Z, Z's y,0° N (x) n% (0) — 


=> iG, 223 Vedat “N (@ à) 3 (2) » 


[21 


(2.6) (O — mi) x) = — dm? x(x) — if,Z,ZS TN (x) y. MN 


TT 


— BG,2Z; B* (a), 


Ha, 


(2.7)  [O—m;)d, — 9,0,]B@) = iGemiN(@) y,7,7° N(x) + Gems Bh n* (a). 


LV 0, v 


Since we can easily establish 


(2.8) Bi, (@) = — Gem Bu, n(x) — Gem (1 — B')[N (x) y:7,7"N(x)], , 
with 
(2.9) u=mi—dmi, 


we obtain 


(2.10) (= po) 2" (@) = = 4,2, 25 No y, N(x)], 


within the approximation adopted here. 
The quantization can be carried out in the standard fashion. Particularly, 
we have, at %=¥Y%, 


(2.11) {N(a), Ny)} = Z;*y, 6a — 4), 
(2.12) [WN (a), Bi(y)] = iG,2Z, mi — By, Ny) dle —-y), 
(2.13) [N (x), ze (Y)] UE h2:12, 23 ysT Ny) 8 (x na y) 9 
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We obtain therefore 


DAINO 
— hZ Zs SKITN(), N), NA spa N). Do + 


+ Zi 640 2)y: TON (2), N(y)Do+ Ze <TLN (0), N(e)Doyst 04(2—y)} = 


CTT N (a), N(y), NT N(2)]do, 


0 at SA “= ae 
ge, EEN), Ne), Bilan = — Gemini ALN (0), Ny), "a — 


— G,2m;,(1 — B’) {ic TUN (x), N(y), {N(2) st N(2)} aldo + 
+ Zitdi(o — ye CTLN(e), N(y) Do + Za ITN (x), N{(a)Doysr de — y}} = 
= in em puoP<T[N (x), Ny), m*(2)|>o a 


— iG, 2m,(1 — p' ) 3 <T( N(x), N(y), N (2) Ysyut N (2) 0 5 


using equations (2.8), (2.10), (2.11), (2.12) and (2.13). 
Eliminating the last terms of (2.14) and (2.15), we arrive at 


0 = 
(2.16) ata <T[ N(x), N(y) e emi peo * (TTN(2), N(y), 1°(2)]do + 


ul emz(1 I) Soe s» = 
== fZ, Zs ( a — Mo) TN (x) ), Ny (2) |; 09 


which will provide us with the required relation between strong and weak 
vertex parts, as follows. 


We first define strong and weak vertex parts, respectively, by 


(2.17) IN, Ny), zz). = 


= ja dy’ de! S'(@— a’) P5,(a'—2'; 2’—y') S'(y’—y) al ie 
and 
(2.18) TN (a), N(y), BD = 


= me dy’ de’ S'(a — a") Ag, (a' — 2’; 2’ — y') 8' (y'—y) A,,(2'— 2), 


y T4 
Peet 
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where 
TN), No]. = S8'(o—y), 
<T[n*(a), n°(y)]>, = dk —y) , 


{T[Bi(), Be(y)}>, = mid” ie a 0, al Ade = 


lé pv 7 mi U 


(Cm) À,(x — y) = 104% — y). 


Substituting (2.17) and (2.18) into (2.16), and transforming into momentum 

space, we have 

(2.20)  i(p — q), 45,(p; q) = 1p — q),22, Zauob' Tp; 9 AT(P — g)?] + 
nur) ee) (9; ip ) Eu] ATE 


x 


As is seen in (2.20), the relation between weak A%(p; q) and strong /%,(p; 9) 
vertices depends on the parameter |". 

In order to derive the — G,/G formula (1.3), we proceed as follows: 

We put 


(2.21) A4f(p;9)= 43,(p34)— 22, Zl uo + (1 —B')(p — a) 14 To — 9) (059) = 
A, - (1-9)p-g7]A4[0- 9]; 0} 


PDC + UY dy Lee} + VO MP A+3 + PVI ult} è 


where the terms in the curly brackets do not contain any y-matrices, and are 
functions of — p?, q?, (p —-q)? and sign functions of pi, gq and py—q only; 
in particular, we renormalize so that 


(D: as = 1 b) 


—q?= me 
—(p—@)?=0 
ic (Pos Go > 9). 
LAD; ae == dl D 
—q?=m? 


- (p— aq)? = mi, 
The relation (2.20) then implies 
(2.23) Up — 9), A5,(P;9)=0, 
which reduces to 


(2.24) AS, (DS p}= 0. 


Multiplying by 7*y;y, and taking the trace, we obtain 


(2.25) A,(p; D) = 225 Zum A'(0) EF (p; D) 
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which yields at —p?=m? (po> 0), 


2 ir 0 * 

(2.26) 1 = eZ, —5 da (0)F (0) (©) 
where 
| F_(0) = ES (pe PI ma 0 ? 
(2.27) Ù 
| d_ (0) =m_A"(0) . 
Remembering 

G, =— Ge"Z, , 

h = 202027 


we arrive at 


2 — 
(2.29) — F/G = Di VZÎ 4,(0) (0) 
Ù "TT 0 


Notice that the relation (2.29) holds independently of the value of f'. 


3. — Application to z-u-decay. 


We shall now apply the argument in the previous section to the z-y-decay 
process. Limiting ourselves to the first order in G,, we can replace the vector 
(B,+iB,) by — év2[#(2)y,(1+y;)u(2)] (*). Then, following Gell-Mann—Lévy’s 
method (1), the rate of T-u-decay is given as: 


(3.1) T,= m,95°(0)[(1.56 + 0.2)-10-%], 
where 

2 
(3.2) par (0)= d,(0) F,(0) ae ea) 


RE) 


(") 2820 is assumed. 
(**) The Bi-field can also be considered as an intermediate boson. 
A + (1 — BY 
(Ce ) q (hk? ea = d ke? F ke > 
PB ) nè sE (pa 1)m?, ah ) a ) 
and 


since 
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Special values 6’=1 and f’= 0, give, respectively 


| Pi(0) = d,,(0) P_(0) , 


| p.(0) = 4,(0) F,(0) 10, . 
Po Mr 


2 


The case f"=1 was treated by GELL-MANN and Livy, who expected that 
P(0) is not far from unity, in order to explain the observed rate of r-u-decay 


(3.4) I, = m, [1.84 + 0.04)-10-1]. 


It is, however, now clear that, since 4,(0)F,(0) and mw are independent 
of 6’, one can choose f’ in such a way that equation (3.1) gives (3.4), that is, 


(3.5) e in 1— 1.08 d,(0) F,(0)] . 


Thus, we can obtain good agreement with the x-u-decay experiment by 
choosing 5" properly. However, a question still remains as to what value we 
can get for — G,/G, which is given by equation (2.22). We must be able to 
explain it in terms of the strong interaction only, as long as we persist with 
the view that it is really a renormalization effect. Its value is clearly inde- 
pendent of f'. 


The authors thank Mr. C. RyAN for his valuable discussion. 


APPENDIX 
We shall obtain other identities which hold between strong and weak inter- 
actions. 


I. Relation between strong PV and weak PS coupling. — The total Lagran- 
gian £ is composed of two parts 


L= L4 PV, 


where de 
(A.1) PS — — Zp (x eee (v7) + SUZ, P(x) px) — 5 Zal put) pue) + 
+m? p(a) p(x)] + è Ri p(x) né 1 P(®)Y5V n PE) PC); 


(A2) Rn + 22 B(w) B(w)] — iGie F(0)y plo) B(2) . 


en 
# 
2 
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The equations of motion and the commutation relations are 


(ye + M) w(x) =— if ZZz' yoy pt) pute) — eZ" p(w) B(x) , 
(A.3) (A — m2) p(@) = — if, 2,25 °[P(@) yoy, P(@) Lu — Om? pla) , 
(I — x2) B(x) = 1612 Y(x)ys y(x) , 


{w(x), p(a)} = Zz "ya OX — y), 


ee ), P + Gai iZ5* d*(0 — Y) > 
(A.4) 
KA o) = f,Z,Z2'Zs'ys p(y) (7 — y) - 
(To a Yo) ‘ 


We can also easily verify 
(A5)  [P(@)ysypy(@)]. = — 2M P(x)ys (0) — 20223" p(x) p(x) B(x) . 


By using (A.3), (A.4), and (A.5), we have 


(A.6) (1, — mi) Tux), Py), (2) Do = 
= — hZ, PATATE EE V5 CTy(e), p(y) Do+ <ITp(2); V2) Dovs d*(@ — mM} + 
+ 2h 23123 M Ty(x), VY), P(2)ys 
| Ro ou Ty), Py), P(2) (2) ]>o 


On the other hand, we can readily prove 


(A.7) (CL, — #*)<T[y(a), Vly), Ble) Do = Ge <Ty(2), Ply), P(2)vs ple)» - 


Neglecting the last term in (A.6), which is of the order O(G), we have from 
(A.6) and (A.7), 


(AS) (C,—m)<T Lp(a), PY), pla) Do = — ZZZ {de KI plz), P(y) Dot 
ACTE 


+ Ty(x), P(a)Doys 4e — y)} + 


- MEL — x) Tly(æ), Ply), B(2)do- 


Ge 
This is, in momentum space, 


(A9) Up — 0), 8"(p) slp; 9) S'(@) Lp — g)? + mi] A’T(p — g}] = 
2M 245° 


= — 222 23 TS (p)ys + ys8'(q)] + — TT Sp) A;(p; 9) Sq), 


24 


(*) ms = m?— ÿm?, Mi = Me Ce 


D41 


4 rc 


Qt 
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where the vertex parts J, and A, are defined in the same way as (2.17) 
and (2.18). 
II. Relation between strong PS and weak PV coupling. — Take the Lagran- 
gian 4= £54 £” with 
(A.10) LS =—Z, p(x)(y0 + M) p(x) + OMZ, P(x) p(w) — 
EL [Gulp ple) + m? pla) PM] + 3 dMEZ: p(x) pla) — iiZa P(r)ys vw) P(e) ; 


(A.11) 2” =—34[B,,(x)B,,(x) + 22 B(0) B(a)]— iF yz W(0)ysy n p(@) But) + 
+ 2F, 2g, Z,Z2* P(x) px) p(x) B(x) . 
hee last term of (A.11) is added so that a simple relation follows, as is seen 
È is the approximation considered here, that is, 0(/7) is neglected, we have 
(A.12) (O, — x2)Ty(2), Py), Blz) Do = 
—— Peli! {dt — ay; (Type); PY) Dot <TTp(0), PE) days OX — WF + 


5 He M, 
if G1: 2,23" 


(ET, — mo)< Tly(x), PY), P(2) D: - 
In momentum space, (A.12) is 
(A.13) ip —q@),S'(p) As(p; DIA) = 


2M DARIO ge % i 
o Sp) Tp: OS (DEP — 4) + mo} AT(p— 4] — 222 ‘Lys S(O +S (p)ys] - 


RIASSUNTO (*) 


Si analizzano ulteriormente i modelli della interazione debole del vettore assiale pro- 
posti da GeLL-MANN e Lévy. Si rende un po’ meno stringente la condizione P%,,(#)= 
—ÿan"(x), per il vettore assiale debole, per il quale vale identità — G,/G—{(uÿ/mi) 
: VZ(filfo) dx(0) F (0). Si dimostra anche che la «identità generalizzata di Ward » deri- 
vata da BERNSTEIN ef al. deve essere effettivamente sostituita dall’equazione (2.20) 
della Sezione 2. Si discute il processo di decadimento del pione in leptoni, introdu- 
cendo fra loro l'accoppiamento diretto, in aggiunta all'interazione a quattro fermioni. 
Si mette in evidenza che la presenza déll’accoppiamento diretto tra pioni e leptoni non 
altera la suddetta relazione per il rapporto G,/G, il cui valore è indipendente anche 
dalla costante di accoppiamento diretto. 


(*) Traduzione a cura della Redazione. 


545 


IL NUOVO CIMENTO Wits SIDE, Ns & 1° Febbraio 1961 


Effect of Radiofrequency Resonance on the Natural Line Form (’). 


M. N. Hack and M. HAMERMESH 


Argonne National Laboratory - Argonne, TI. 


(ricevuto l’11 Ottobre 1960) 


Summary. — The form of Zeeman lines in the presence of a resonant 
rotating r.f. magnetic field is determined. The spontaneous emission distri- 
butions are obtained from the steady-state solutions, leading to a pre- 
diction of the splitting of Zeeman lines at rotation frequencies corre- 
sponding to well separated single- and multiple-quantum resonance fre- 
quencies, as well as at the resonance frequency in the Majorana case. 


1. — Introduction. 


Some time ago BITTER (1) and PRYCE (?) indicated the possibility of a new 
method of detecting radiofrequency resonance, by means of certain changes 
in the radiation emitted by an atom when it is subjected to a radiofrequency 
field at a resonance frequency between its Zeeman levels in a constant mag- 
netic field. At that time the observation of such an effect appeared difficult 
to perform, since it would require large radiofrequency field amplitudes and 
high resolution of the emitted radiation in order to detect the changes pro- 
duced by applying the radiofrequency field. However, the possibility of an 
experiment on the nuclear Zeeman lines by means of the Méssbauer effect 
has renewed interest in this problem (3). 


(*) Work performed under the auspices of the U.S. Atomic Energy Commission. 

(1) F. BirtER: Phys. Rev., 76, 833 (1949). 

(2) M. H. L. Pryce: Phys. Rev., 77, 136 (1950). We are indebted to Professor 
A. ABRAGAM for bringing references (1) and (2) to our attention when we informed 
him of our results. 

(°) A preliminary experimental attempt was reported by E. C. Avery, ©. Lirrin- 
JOHN, G. J. Pertow and B. SMALLER at the Allerton Park Conference, University of 
Illinois (June 1960). 
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In the present note we study the influence of radiofrequency resonance on 
the natural line form of the emitted radiation. The general theory 1s closely 
related to the steady-state solutions found in the study of multiple-quantum 
transitions (4). 


2. — The two-level case. 


We first consider a system undergoing radiative decay from a pair of levels « 
and B to levels x' and f' respectively, in the presence of a rotating r.f. field 
which produces transitions between « and B (Fig. 1). We wish to study the 
effect on the emitted spectral lines when the angular 
frequency of rotation © is close to the resonance fre- 
quency ©,g = (E,—E;)/h between the upper states, 
and the amplitude of the rotating field is sufficiently 
large to produce an appreciable probability of trans- 
fer between « and f during their mean life-time. We 
shall assume that both states decay at the same rate. 

For the present we neglect the influence of other 
levels on the resonance «<>. In the following 


section the possibility of transitions to other levels Fig. 1. - Decay transi- 
will be taken into account, leading to corresponding tions in the presence of 


results also at the resonance frequencies associated a r.f. field. 


with well separated single- and multiple-quantum 
transitions, as well as at the single resonance frequency in the case of equally 
spaced levels. 

To investigate the effect of the radiofrequency resonance on the natural 
line form, we study the solution of the system of equations 


a 


(1a) ib,, = H exp [i(w,g— @)t] 8 go + D Hope, XP (UO — Op) Dar è 
A 


(1b) ben, = Hs jag EXP [H(O,— Oat] Pa » 


(1e) id = H exp [i(w — @,,)t]b,, + > Hog, exp Log — ©t]bpr 5 
o 


(1d) ibn, = Fay 0 exp [i(w,— y) t] Deo 3 
subject to the condition that initially no photons are in the radiation field, 


(2) dy 1 (Oe Bon (0) = 0. 


(4) M. N. Hack: Phys. Rev., 100, 975 (A) (1955); 104, 84 (1956); H. SALWEN: 
Phys. Rev., 99, 1274 (1955); C. Besser, J. Horowitz, A. Messtan and J. M. WINTER: 
Journ. Phys. et Rad., 15, 251 (1954); J. M. Winter: Ann. Phys., 4, 745 (1959). 


~ 
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For H = 0, i.e., for zero amplitude of the radiofrequency field, these equa- 
tions reduce to the equations of Weisskopf and Wigner (°) for describing the 
radiative decay of excited states. For vanishing matrix elements of the inter- 


action with the radiation field, dei — 0, etc., they would reduce to the 


equations describing the transitions produced by the radiofrequency field alone. 

In general egs. (1) are too complicated to solve exactly. Nevertheless, for 
the cases of practical interest a satisfactory approximate solution can be ob- 
tained. For this purpose we look for solutions of the form 


(3a) DC exp 100) , 

(3b) i) = C; exp:|[ (PA ess o)t] . 

Substituting (3a) into (1b) and integrating, subject to the initial condition (2), 
and inserting the result 


xpi WO. + Ont 


(4a) be pa Crs va 
Onn == 0 = Dy 


9 


and eqs. (3) into (la) gives 


— 
ab | 
_ 


fr. xX 1 x 7 t 
TREES: RETRO exp [we + P_ Wat] 


7 DE ED) 


(For simplicity photon occupation numbers have been suppressed.) 

It is now important to note that for the times of actual interest, è.e., during 
a long time interval which includes the mean lifetime of the decaying states, 
by virtue of the smallness of the decay constant (line width) compared to 
the line frequency, the last term in eq. (5) is practically constant (*). Denoting 


(5) V. Weisskopr and E. WIGNER: Zeits. Phys., 68, 54 (1930). 

(5) V. Weisskopr and E. WIGNER: ref. (5). One can estimate the upper limit 
of the interval to be of the order of a few times 7-1 In (w,/I), for 7 < 0. At the same 
time one obtains an estimate for the lower limit (non-linear decay contribution to the 
change in probability of remaining in the initial state at very early times) as being 
at most of the order of the period 22/0. These results follow already in the Weisskopf- 
Wigner approximation, even with the usual neglect of the frequency variation of the 
matrix element and density of states. In this case the second term in the sum in 
eq. (5) leads to a factor | 


[exp [i(@ =—@,— silt 
i ci G Tio) = 2ni + exp[3It]I, 


© — © — il 
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its value by — (i/2)I-C, (7), we have 


i 
(6a) (r a. 5 r'| (Ol = HC; a 
In the same way we get 


exp [— i(@ap + p — 0 —ws)t] —1 


4b Des Ea Ole bes 
( ) B p p B 0) xp + Pp — (1) — OS ni 
and 
, a 
(6D) HIO® ni (? + = Va + 0) pra ©) Cz ; 


where by the restriction to the case of equal lifetimes /' has the same value 
as in (6a). 
The simple eigenvalue problem, eqs. (64, b), has the solutions 


(Ta) pa = A (0 — Wap) + Wi— È PA 
where 
Me u,=+i(0—-0,;)+4H9, 
and 

Hs Wap — © 


i 1 
ves va * [lo — esp? + i 


Sb ee LF | 
(30) SVEZIA af [(@ — og)? + AP] 


where [> 0, (7) and the last term furnishes the deviations. For all t>0 we have 
|L|<1/ot, and for t > l/o, I ~ {exp [iwt]}/i(o — 27/2). More refined estimates taking 
into account the frequency variation of the matrix element and density of states lead 
to similar results. The dependence of the decay constant on the r.f. quantities in our 
case (@ — @,3, H) is also weak since these are very small, of the order of the line 
width, compared to the frequency of the line. Decay theory has been discussed from 
a different viewpoint, based on the characteristic functions of the total-energy operator, 
by L. A. KHALFIN: Sov. Phys. Journ. Exp. Theor. Phys., 6, 1053 (1958). 

(7) We suppose the imaginary parts of the decay constants to be absorbed into 
the energies E, and E;. Then 1’ is purely real and moreover, as one readily verifies, >0. 
We take / strictly positive, since we naturally are not interested in cases where selection 
rules forbid the decay. 


a 
n 
Usi 
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The particular superposition satisfying the initial condition that the system 
is in the state «0 at time {— 0 is given by 


Oe = Ce exp i ipy t] + Cai exp i 1p_ t] ’ 
(9) . . 
bo, = (0,048 exp [— tpt] + C_, C_, exp [— tp t]) exp [— t(w,,— WI]. 


The probabilities of finding the system subsequently, at time t, in the states 
a) or BO are therefore 


b(t) |? = 1 —P) exp [—J*], 
(10) 
BE P esp, 
where 
ah) P=— Bue sin? i gl(@ Oap)}+4H?}t, 


(0 — Cap)? SL 4H? 


t.e., the Rabi transition probabilities multiplied by the exponential decay 
factor exp[— TI]. 

The probability amplitudes for finding the system in the lower levels after 
decay, with a photon of frequency ©, or ©, respectively in the radiation field, 
are (7) 


| 1 1 
hoe Ex Had TE in NEC RE ) 
DA 7 Dig! — P+ Oe i E 
(12) foo (0) (e 7 p 
1 i 
b = fi C lc Leida E A 
| À ae (n DE E Wp! p+ (0) pic È OTO i i 


where the constants 7, (|7+]?-+]|7-|®=1) determine the particular superposi- 
tion satisfying an arbitrary initial condition. 

For the initial condition corresponding to (9), 7; = € 
For 


€ Ara] , 
+ and y=C_,. 


(13) wo =@,, (ri. resonance), 
the corresponding emission probabilities are therefore 
|b (co) of | H. [2 Lea (où = Wp)? ca i 
KA Wes) œ 5 n rss - “Sa 
8 [ (oz Wo)? [7/4 — PE + lo — ©)?” 


2 HE 
Los — wo)? — I? /4 — H°P+ Lo, — ©)? ? 


| 
(14) | 
| 


where 


! 
(15) CORRE D, = © 
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Similarly for the condition that the system is initially in the state #0 at time 
20, 

H2 
b —a! (OO da = VELE, VARE E RIA 5 } bas 
| B ( )| | | [(@,— Wo)? VALID: H?}° Tag! 
o“ (DEIR 
[(o,— oi) — TA H+ 


2 


[bp (co) [ree = | Hag’ 


Lo, — @)? | 


| 
(16) — | 
| 


The effects of the r.f. field on the emitted spectral lines are readily seen in 
the solutions (14) and (16). They persist and take an even simpler form in the 
case of equal populations (and random phase difference) in the levels x and f. 
In this case the emission distribution is the superposition with equal weights 
of the distributions for the pure steady-state solutions where the components 
are displaced without change of shape. 

Averaging over the inital states and summing over all the final photon 
states at the energy fiw,, we obtain for the line « > x’ the photon frequency 
distribution 


1 (1 — ©) 4 434 12/4 
7 Je == o — Wy)? 
(17) + (Oakes = 45, [wy = 12/4 — HP + Lo, 0° 


. . . . . . . . . li 
The similar distribution for the line 8 — f’ is obtained by replacing ©, by © 
The corresponding results in general, .e., not restricted to r.f. resonance, are 


D 


i 


DIA . | D — Op 
(0, (®) — —— =) | i (0 — Wyg)?+ H? — (0 — wap) | @1—@o— DEA 


SOLETTA 71 : ee ez 
(0, Mo =) 4 4 (@ os) He x 1e [or Wire à 


9 
and the similar relation for the line 6 +f’ obtained by replacing è, by 
©, -© and changing the sign of the last term in the numerator. 

Fig. 2 shows the behavior of the emission distribution at resonance, for 
increasing values of the radiofrequency field amplitude. When the field ampli- 
tude is sufficiently large that the angular frequency of oscillation between x 
and B is comparable to the decay rate, the spectral lines x >a’ and f > p' 
each exhibit two peaks. The distribution P(w,)., is the superposition of two 
Lorentzian (8) components of equal intensity, and widths equal to J’, centered 
at © + H. 


(8) The frequency dependence of the factor |H, |2e(@,)dQ leads to asymmetry 
of the normal line (*). For the frequencies of interest, however, because of I’<@,), 
we make anegligible error by replacing this factor for simplicity by its value at the 


19 


M. N. HACK and M. HAMERMESH 


Ot 
Or 
bo 


One verifies further that the splitting of the spectral lines appears only 
for © close to resonance. As the relative deviation of m from resonance in- 
creases, both lines tend to their natural forms (the intensity of the off-frequency 
component drops to zero). The emission distribution near resonance in 
the two-level case is illustrated in Fig. 3. 


(1/2) O 
di Ci 
(1/2) JE 
is (Wa) = La 
1/2 Altres H 2 
Oe pow H 
ig 
H 2 5 
Wo 
do 
W-W.=H 
jie ee 
2 
A = Wr 
IE I | I I 
(= 
T > w, 
Fig. 2. — Emission distribution P{Y(«,) Fig. 3. — Emission distribution P{(&;) 
at resonance for increasing r.f. ampli- for fixed H=3I and varying deviation 
tude. from resonance. 


line center. At large ©, it tends to zero by virtue of the retardation, as required for 
convergence of the total radiated energy. For small ©} (frequencies up to and even 
beyond the line frequency) it has the approximate value Pw) a: 


2 


5 
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3. — Arbitrary number of levels. 


The preceding treatment of the decay from two levels can readily be ex- 
tended to the case of an arbitrary number of decaying states (°). We will 
show that the splitting of spectral lines by r.f. fields also occurs at distinct mul- 
tiple-quantum resonance frequencies, as well as at the resonance frequency 
in the case of equally spaced levels. 

For this purpose we consider a rotationally invariant system which inter- 
acts, through magnetic moments vidi and y.J,, with an external magnetic 
field consisting of a constant field 7, and a perpendicular rotating field of 
constant amplitude 7 and angular velocity ©, which causes transitions be- 
tween the levels of the system in the constant field. 

Omitting for the moment the interaction with the radiation field, and 
choosing the ¢ direction along the constant field and the x axis along the 
direction of the rotating field at time t= 0, we have for the Hamiltonian of 
the system 


(19) H=H,4+ H', 
where 
(20) H'= (yi Ji + 72%) WH cos wt)i + (# sin wt)j]. 


H, contains the interaction with the constant field and the J,-J, interaction, 
and commutes with the + component of the total angular momentum 
aids She 

The Schrodinger equation takes on a more convenient form if we transform 
to the co-ordinate system of the rotating magnetic field (1°) by means of the 
unitary operator U=exp[iJ.at/h]. Then 


(21) œ = Uy = exp [td,at/h|yp 
satisfies 

- + dp à 

DI ba VI) 
(22) ih di Wp, 


(*) When the calculation is extended-in addition to an arbitrary number of lower 
levels to which a given state can decay, the decay constants combine additively to 
give the total width (5). It is this summation which leads in practice to the (approx- 
imate) equality of lifetimes of the decaying states. When several states decay to the 
same level, cross terms appear which are rapidly oscillating for w > I’. 

(10) I. I. Rani, N. F. RAMSEY and J. ScawINGER: Rev. Mod. Phys., 26, 167 (1954). 
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where the transformed Hamiltonian 


(23) W= H,— œJ, + V 
with 
(24) V= y: Jig + V2 Tar À 


is independent of the time. 
The transformed Schrédinger equation (22) has steady-state solutions 


(25) y = w-exp [— wi]. 


By means of this transformation, the problem is reduced to the solution 
of an eigenvalue problem. As in the two-level case treated in the previous 
section, the introduction of the decay transitions effectively changes w accord- 
ing to 


a 
(26) DU 


all levels decay at the same rate. In this case the eigenvalue problem is the 
same as in the absence of decay. (In the general case, the effect of decay is 
to introduce constants 47°, }i/.,... into the diagonal terms of the eigen- 
value equations. In the case treated here, all the /”s are equal). 

For well separated resonance frequencies and for © in the neighborhood 
of a resonance frequency, it has been shown (‘) that the eigenvalue problem 
can be reduced to a two-level problem, even in the case of the higher order 
multiple-quantum transitions. 

Equations (1) then apply directly, with H replaced by an expression of 
the type of higher order perturbation theory, (1!) and © —@,, replaced by 
a quantity 2’ (12). The splitting of the spectral lines thus occurs for each of 
the resonance frequencies, including the ones corresponding to multiple-quan- 
tum transitions. Only the two lines emanating from the particular initial and 
final levels of the given resonance transition are split by the application of 
the r.f. field. This follows from the fact that only these levels have appreciable 
components in the corresponding steady-state solutions which become almost) 
degenerate at the given resonance. 

The opposite case of equally spaced levels, where several resonance fre-| 
quencies coincide, can be treated by similar methods. Apart from the field-| 


| 

| 

| 

I 

| 

where /' is the decay constant. Here, as before, we consider the case where 
| 


(4) M. N. Hack: reference (4), eq. (51) for 6. | 
(12) M. N. Hack: reference (4), eq. (42), (50), (51). | 
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independent term of w, the steady-state solutions for this case (Majorana case) 
can be expressed in the form (!) 


(27) Cm = ds d'on(0) , 

(28) w? = u[(w—w,) + 4H°}, 
where 

(29a) così = oe eke 


[(@ =O, 4H}! 


290 St D 
( ) Sin [(@ — ,)? zi 4H?’ 


0O,=y,%, 2H =y,H#H, and the d°, are representations of the rotation group. 


um 


Applied to the decay problem, they lead to the probability amplitudes 


(30) br = ad, exp {—i(m[_o — o,] + pl (o —< w,)? + 4H} — kil}, 


u (112 um 


e 1 
31 Do = di * x = = — — , 
Sa (00) . : Wi (+ mo — w,| + wl(@— @,)? 4 4H?}}) + Lil 


In the case of equal populations and random phases, this gives 


(32) Pil) = ay gx Dea) 2. 


1 
Lo; (on mo — w,] + ul(@ — w,)? + 4H?}) È: ICE 


ie, à superposition of normal components with widths /’, centers at 


© + m[o —o,] + (0 —w,)? + 4H°}, p=—j, —I+1,---4, 


and intensities proportional to the squares of the coefficients of the rotation 
matrices. 

In this case, each line thus splits in general into a number of components 
equal to the multiplicity 2j+1. However, in certain cases fewer components 
may appear, because some of the intensity coefficients vanish. At resonance 
(© — @,), this occurs when the multiplicity is odd, for the central level (the 
next to last and alternate components are absent) and besides the central 


(3) H. SALWEN: reference (4), eq. (38), (39). 
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level for all the alternate levels starting from the next to last (the central 


component is absent). 


È 
3/2 
Poo Un) 


Photon frequency , @, 


È (3/2) 
Pi72 a) 


Photon frequency , @, 


Fig. 4. — Emission distribution P® (07) for fixed H=iI and varying w>o,: (a) m=3; 


(b) m=4. The corresponding curves for w<, are obtained by reflection in the ver- 
tical axis through @,. The curves for negative m are obtained by reflection in the 
same axis and displacement to the corresponding mean emission frequency. 


In the particular case of j=4+, eq. (32) reduces to eq. (18) ff. (Figs. 2 
and 3). The graphs of PŸ(w,) for the case of j = 3 are shown in Fig. 4a and b 
iopfiixe de NT: | 
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RIASSUNTO (‘) 


Si determina la forma delle linee di Zeeman in presenza di un campo magnetico 
rotante risonante a r.f. Le distribuzioni della emissione spontanea vengono ottenute 
dalle soluzioni per lo stato continuo, e portano alla predizione della scissione delle linee 
di Zeeman sia per frequenze di rotazione pari alle ben distinte frequenze di riso- 
nanza quantistiche singole e multiple, sia per la frequenza di risonanza nel caso 
di Majorana. 


(*) Traduzione a cura della Redazione. 
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General Relativity without Coordinates. 


T. REGGE 


A 3 : 3 x si na 
Palmer Physical Laboratory, Princeton University - Princeton, N.J.(*) 


(ricevuto il 17 Ottobre 1960) 


Summary. — In this paper we develop an approach to the theory of 
Riemannian manifolds which avoids the use of co-ordinates. Curved 
spaces are approximated by higher-dimensional analogs of polyhedra. 
Among the advantages of this procedure we may list the possibility of 
condensing into a simplified model the essential features of topologies 
like Wheeler’s wormhole and a deeper geometrical insight. 


1. — Polyhedra. 


In this section we shall first describe our approach for the simple case of 
2-dimensional manifold (surfaces). Following ALEKSANDROV (1) we develop the 
theory of intrinsic curvature on polyhedra. A general surface is then consi- 
dered as the limit of a suitable sequence of polyhedra with an increasing 
number of faces. A rigorous definition of limit is not given here since it would 
involve a treatment of the topology on the set of all polyhedra and this would 
carry us too far. It is to be expected however that any surface can be ar- 
bitrarily approximated, as closely as wanted, by a suitable polyhedron. The 
approximation will be bad if we look at the details to the picture but an ob- 
server looking at the broad details only will find it quite satisfactory. On 
any surface we can define an integral Gaussian curvature by carrying out cur- 
vature experiments with geodesic triangles. 

Let t be one such a triangle and let «, B, y be its internal angles. If the 


geometry inside the triangle is not euclidean we have in general «-+£ +y za. | 


(*) Nov at the University, Torino. 
() P. S. ALEKSANDROV: Topologia combinatoria (Torino, 1957). 
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The Gaussian integral curvature e, of ¢ is then defined by e; = x++y x. 
On a sphere we have e,= A,/R?, where R is the radius of the sphere and 
A, the area of t. If ¢ shrinks to a point P and the limit lim e,/A,= K(P) 


A—0 
exists and is independent of the particular limiting procedure we take A(P) 


as definition of local Gaussian curvature in P. On a sphere obviously 
K(P)=1/E?. It is well known that ¢,= [K(P) a4, where dA is the area ele- 
t 


ment on the surface and the integration is carried inside ¢. Let it be clear 
however that, while the integral curvature exists under very broad conditions, 
the local curvature may not exist at all as an ordinary function but rather 
only aS a measure. 

This last point is essential in defining the curvature of a polyhedron M. 
It is obvious that if ¢ lies entirely on a face of M we have e,=0. The same 
result holds if # does not contain any vertex of M. Therefore K(P)= 0 if 
P is not a vertex. 

If # contains a vertex, say V, and no other vertices, it will not depend on 
the explicit form of # but only on the particular choice of V. In other words 
e,— e, is a characteristic constant of V (the deficency of V) e, can be found 
as follows. Take the sum of all internal angles of the faces of M with vertex V. 
This sum equals 2r—e,. If several vertices V, X, etc., are inside { we have 


ee, Ex Ey etc. 


All these results can be condensed into the original formula ¢,= | K(P)dA, 
t 


provided one understands K(P) as a Dirac type distribution, having the vertices 
as supports. The integral | f(P) K(P) dA, where f(P) is a continuous function, 


M 
is then to be calculated as Valens where e, is the deficency of V,, and 


n» 


the summation is carried out on all vertices of M. 
If M is a compact (i.e. finite closed) polyhedron Gauss-Bonnet’s integral 
curvature theorem can be written as 


N is here the genus of M, N=0 for a sphere and N= 2 for a torus. There 
is no loss in generality in supposing that all faces of M are triangles. 

Under this form the connection of this theorem with Euler’s formula for 
the genus is most evident. Indeed let 0,, be the internal angle of the face f 
with the vertex n. We have: 


Dio = 250 — En ; 
i 


where the summation is carried out on all faces f having V, as vertex. It is 
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also clear that > Orn = 7, Where the summation now is carried out on all ver- 
n 
tices belonging to the face f. The sum Ÿ 0,, can now be ‘arried out in two 
in 
different ways by summing first on faces and using then Gauss-Bonnet’s theo- 


rem or summing on vertices first. With the first method we obtain: 


D Cin = 270 — 2n(2 — N). 
fn 


with the second 


where v, e, f are the number of vertices, edges, faces of M respectively. Since 
all faces of M are triangles we have 2e= 3f. Therefore the equation 
20 —2(2— N)=f is simply Euler’s formula v—e+f=2—N. 

This example shows how elementary is the treatment of curvature on poly- 
hedra. 

Since we are chiefly interested in the intrinsic geometry of manyfolds we 
are not particularly interested in the edges of M and we regard them as a rather 
immaterial convention for dividing M into triangles, any other convention 
being just as good. 

It is interesting to notice that the intrinsic geometry of M is completely 
fixed by the connection matrix and the length of all edges. The connection 
matrix is essentially a list of all faces, edges and vertices of M and a list of their 
mutual relationship <.e. by reading it one can decide which vertices. edges 
belong to a given face, etc. The connection matrix supplies us with all the 
topological information needed in the construction of M. 

Once we have constructed a simplectic net on M (in plain words a divi- 
sion of M into triangles) the knowledge of the lengths of all edges of _M implies 
the knowledge of all angles 0,, and therefore of the deficencies e,. 

The notion of simplectic net replaces therefore the notion of a co-ordinate 
net. The metric tensor on the other hand is replaced by the lengths of the 
edges. 

If the number of vertices, faces, etc., of M increases the local Gaussian cur- 
vature will approximate a continuous function K(P)= ge, where o is the den- 
sity of vertices and e their deficiency, provided this product varies slowly within 
the test triangle #. | 

In dealing with higher dimensional analogs of polyhedra a geodesic triangle 
is no longer convenient in testing curvature. We replace it with the notion 
of Levi-Civita’s parallel transportation (shorthly LOT). Let P and Q be points 
of M. Let the are a join P to Q. LCT is then an orthogonal mapping between 
the vector space S, in P and the vector space S, in Q. If in particular P = (A) 
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and a is a loop LOT maps $, into itself. This mapping is a rotation of S around 
P by some angle e(a) which depends on a. By inspection it can be checked 
that e(a) —|K(P)dA and that therefore e(t)=«,. e is clearly an additive 


a 


function of the loop. Take namely two loops a, b with the same end point P. 
Let us perform LOT around their « product » ab, ab being the loop obtained 
by sticking end to end the 
loops a and b. We get e(ab) = 
= e(a)+e(b). On a polyhedron 
M we shall not consider the 
ase when a vertex lies on a 
loop because LCT cannot be 
defined unambiguously. 


Sa 


If a loop a can be deformed 2 


continuously into a loop b by 
keeping P fixed without en- 
countering the above excep- 
tional situation then e(a) = e(b), 
and we write a=b. In the 
following w denotes the set of Fig. 1. 

all vertices of M then a & b 

is simply a homotopy in M—vw and is an equivalence relation. A more 
general and rigorous definition of homotopy will be given later. On the 
moment it is important to realize that the existence of a curvature set w 
entails the existence of equivalence classes in the set of loops with a given 
end point P. 


2. — e-cones. 


Let us now consider a polyhedron M with one vertex only. We can vi- 
sualize M as a one-sheeted cone or pyramid. There is a simple mathematical 
way of characterizing M. Take namely in the plane polar co-ordinates o and 4 
so that the metric is given by ds?— do?+o°d6?. In the euclidean plane it 
is understood that two points with the same o and anomalies 0 differing by a 
multiple of 27 are identical. We obtain a manifold with the same intrinsic 
geometry of a cone by replacing 2a with 27 —e. 

The origin is then a vertex with deficiency e. This manifold, hereafter named 
the e-cone, is everywhere euclidean with the exception of the vertex. 

These ideas can be readily extended to 3 (or higher) dimensional spaces. 
Let À be the real line of the variable e and let the direct product À x e-cone 
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be metrized as follows: 


This space is euclidean with the exception of the straight line 9 —0. We 
name it the e—3-cone. If the product R*-?x e-cone is considered with the 
metric: 

ds? = dei + def + … + de, , + do? + o?dé?, 


we get the e— n-cone. This manifold is euclidean with the exception of the 
n—2 dimensional flat subset 0 = 0. 

The £— n-cone is the building stone of our structure. The ¢— 2-cone is 
the previously defined ¢-cone. If the dimension n is otherwise known we shall 
drop it from the writing. 


3. — Fundamental group. 


Take now a path in a Riemannian n-dimensional manifold M,. We define 
a path p as a point-valued continuous function P(s) of a parameter s, 
Os, P(0), PG) bene the end point of thespath It) P (0) ee 
then the path is called a loop. We shall regard as identical the loops P(s) 
and P(s'(s)) where s'(s) is non decreasing and continuous and s(0)=0, s(1)=1. 
If we have two paths a, b, defined by the functions A(s), B(s) such that 
A(i) = B(0) then the product c= ab is defined by the function C(s) = A(2s) 
if s<0.5, C(s)= B(2s—1) if s > 0.5. The product c= ab joins A(0) to B(1) 
through A(1)— B(0). This product is associative but in general is not com- 
mutative. If a, b are loops with the same end point P then ab and ba both 
exist and are loops with end point P. In general, however, ab # dba. a}, 
the reverse of a, is defined by A (1—s). Suppose now that our manifold 
is almost everywhere euclidean except a closed subset w which carries curva- 
ture, to be described in detail later. Take two paths a, b with the same 
end points, defined by A(s) and B(s). We always suppose B(s)¢w, A(s) éw. 
If there is a point-valued function P(s,t) of s, 0<s<1, and t, 0<t<1, 
continuous in both s and #, such that P(s, 0) = A(s), P(s,1)= B(s) we say 
that we have deformed a into b, and the function P(s, t) is called a deforma- 
tion. If for given a, b it is possible to find a deformation such that P(s, t) av 
for all s, t then we write a~b. The symbol ~ satisfies the formal properties 
of an equivalence (holonomy). Indeed a~a because one such a deforma- 
tion is given by P(s, t)= A(s). If a~b then P(s, 1—t) deforms b into a and 
P(s, 1—t) €w it follows ab. Similarly if P(s, t) deforms a into b and Q(s, t) 
deforms D into c and therefore a~b, b~c, the function R(s, t) = P(sy2t) 
if 4 < 0.5 and R(s, t)—Q(s, 2t—1) if t>0.5 deforms a into e and R(s, t) EW, ac. 
These definitions apply as well to loops, with the additional requirement that 


a 
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loops remain such during the deformation or that P(0,t) = P(1,t) for every f. 
If moreover we have P(0, t)= P(1,t)=P(0,0)=P then we write a & b. 
Clearly ab implies a ~ b but the converse is not true. The symbol ~ applies 
to loops only. 

The symbol x also defines an equivalence (homotopy in M,—w). The 
proof is trivial. If we only know that a~b then generally the function 
G(s) = P(0, s)= P(1, s) defines a loop c because P(0, 0)= P(0,1)= P. Sur- 
prisingly enough we have b b & clac. This relation can be checked from the 
deformation S(s,t) defined as: 


S{s, t) = CA —3is) see 
PESTE) 1<8<4, 
= C(1+3(s—1)f) al 


We define next the unit loop « in the point P through the function U(s) = 
— P= const. Clearly aa-1=u. Suppose now that a wa’ and bad. Let 
P(s,t) deform a into a’ and Q (s, 1) deform b into b’. The function Rf (s, t)= 
= P(2s, t), (s<0.5) and R(s, t)=Q(2s—1, t), (s > 0.5) is then a deformation 
with R(0, t)= R(1, t) = p of ab into a’b' and R(s, t)¢w. Therefore from a ax a' 
and b x b' it follows ab x ad. 

Take now a set of loops with end point P. This set can be partitioned into 
equivalence classes. A class is identified by one element belonging to it and 
from now on, unless differently stated, we use a loop to label the whole class. 
If a and b are classes then all products a/b’ where a & a' and b & bd’ are 
homotopic and belong to a new class which we define as the product of the 
classes a and b and write ab. Moreover if a is a class and w the unit class then 


au = a = UA. 

To any class a we can associate the inverse class a! and aa = ata = u. 
The product of classes is associative. We see therefore that the set of all 
classes satisfies the axioms of a group, the fundamental group. Now to each 
loop a, we can associate an orthogonal matrix S(a) as follows. Take a vector A 
in P and carry A around a according to LCT. There will be a linear, norm- 
preserving, mapping between the initial and final position of A. This mapping 
can be therefore represented by an orthogonal matrix if we choose via 
local orthogonal frame of reference. Of course, as we shall require in the 
applications, if our space is locally pseudoeuclidean we shall have Lorentz 
matrices. Now the important point is that homotopic loops correspond to 
the same matrix or, otherwise saidy the orthogonal matrix is a function of 
classes. This in turn implies that the mapping classes matrices are a represen- 
tation of the fundamental group on the vector space of P. To prove this we 
first notice that all loops» correspond to unit matrices. If v~w then there 
is a deformation function 7(s, t) which carries v into u. The set of all points 
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T(s, t) is a simply connected surface Z and we can choose on »+ and in a 
suitable neighborhood of Y a globally euclidean frame of reference and the 
result of L-C-transportation along v calculated in this frame is the identity. 
It is furthermore evident that if ¢= ab and if the matrices S(a), S(b). N(c) 
correspond to a, b, c we have S(e)= S(b) S(a). Take namely a vector Vane 
and let us carry it along a. The result is by definition S(a)V. We then carry 
this vector along b. We obtain S(b) S(a)V. But in so doing we have carried 
V along e, therefore S(v)V= S(b)S(a)V and the result follows. If then a & a’ 
we know that a= va! where v xu. It follows S(a)= S(v) S(a') but S(v)=1 
and S(a)= S(a'). The variable in S(a) is then understood to be an equivalence 
class. The fundamental group has in general infinitely many elements. The 
example of the e-cone is instructive. If we take a loop in the e-cone we can 
give the angle 0 of a point on the loop as function of s. Let 0(0)=0 without 
loss of generality. We know that 0(1)= N(2x— e). N gives the number of 
times the loop has encircled the line 0= 0 or bone, which coincides with the 
subset w. Loops with the same N are clearly homotopic. Let a(N) be the 
equivalence class with 0(1)= N(2rx—e). We have a(N)a(M)= a(N+M). The 
fundamental group is then isomorphic to the group of integers under addition. 
In order to find S(a(n)), shortly S(n) and S(0) = 8S, we notice that S(N)= S*. 
S will be called the generator of the bone. Take then a vector V in P, and 
carry it along a(1). V can be split into orthogonal components, one lying into 
the e—2-cone, the other into R"?. The latter is unaffected by the process, but 
the first is rotated by the angle e. The total effect is that of an orthogonal 
mx n matrix with "=? as invariant subspace. In a e —3-cone, Rk”? is just a 
real line orthogonal to an ¢— 2-cone. S is a rotation with axis R’-2— R. This 
particular fundamental group is abelian but, in general, this is not true. 


4. — We shall define now n-dimensional generalizations of polyhedra, shortly 
skeleton spaces, where curvature is carried by a n — 2 subset w, the skeleton. 
One such structure is the e — n-cone. 

We start from a simplectic decomposition of an n-dimensional space M,. 
This decomposition determines the topology of M, but not the metric. We 
define a metric in M, wtih the following axioms. 


A) The metric in the interior of any n-dimensional closed SUD 
is euclidean. This means that we can calculate the distance of any two points 
inside 7}, define on 7, a cartesian system of co-ordinates, and give the co- 
ordinates of the points of the boundary of 7, in this frame. 


B) In the metric of 7, the boundary of 7, is decomposable into the 
sum of n-+1 closed simplexes 7, , and these simplexes are flat. 


C) If a simplex 7,_, is common boundary of 7, and Ti, the distance 
of any two points of T,, is the same in both frames of Ihe have Eve 
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D) If PET,, P'eT, and P, P' are close enough to 7,_, we define the 
distance PP’ as the infimum of PQ+QP’ for all Q e T,_,. 


With this definition the metric is euclidean also on 7,, except perhaps 
on 7,_,s on the boundary of 7,_;. Our definition works on a strictly local 
scale only but this is all we need to join smoothly neighbouring simplexes. 
If we want to introduce indefinite metrics a similar but more complicated 
definition can be used with the same results. Our manifold is now everywhere 
euclidean outside the union w of all 7,_, boundary simplexes (bones). In a My 
the bones are straight segments while the 7,_; are points. Each bone connects 
two T's. If the length of the bones is given, the geometrical structure of the 
simplexes and of M, is determined and in particular their internal dihedral 
angles can be caleulated from elementary formulas of spherical trigonometry. 
Tf there would be no curvature on a bone, then the sum of all dihedral angles 
around the bone should be 27. But if these lengths are chosen at random, 
this sum for the 7-th bone will be 22—e,;. Here we recognize that the cross 
section of such a bone is locally an e,—-2-cone and that therefore locally the 
bone is an e;,— 3-cone. In a S, the 7,_, will carry along locally the same geo- 
metry of an ¢—n-cone. Take now a 7, in M,. In general this point is com- 
mon end of several bones 7)... 77°. We orient the bones in such a way as 
to have the positive direction outgoing from 7,. We refer then to 7, as to an 
oriented m-joint. 

In an m-joint there is a remarkable identity among the S,p:1...m, S, being 
the generator of the p-th bone. In order to find it we may deal with an idealized 
isolated joint, where all departing bones stretch up to infinity. We then select 
a particular cyclic order of the bones, for instance the one defined by the 
index p, (0 follows m) the particular choice being irrelevant. We consider then 
the set of plane sectors, A, having two contiguous bones 7", pes ras aides. 
We suppose that no two such sectors have common points except perhaps à 
common boundary bone. These sectors then cut the space in two regions 
M' and M". Select the test point P in one of these regions, say M', and a 
point Q in M". Take now m paths t,, joining P to Q, and therefore intersecting 
the boundary between M’ and M”. Let #, intersect A, only and only once. Now 
tt}, is a loop a, with end point P encircling T? once. a, is a suitable candi- 
date as generator of 72. It must be pointed out however that any other 
4,4, is just as good and that our procedure merely selects unambiguously 
one such a,. We have than the fundamental identity: 


di Ua bs eee Wp RIU , 
(1) or 
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The latter identity binds the deficiencies e, of the bones and their mutual 
angles. This can be clearly seen if m= 3. In this case: 


Si 5 Sy == i . 


This identity can be visualized with the help of a theorem of Euler which states 
that if in a spherical triangle the sides are in the order the angles of 4,4,43, 
then the opposite internal angles are 7—e,, 7—e, a—e,. Therefore if we 
know the deficiency we know the mutual angles of the bones and viceversa. 

As we shall see later, in our geometrical approach (1) plays the role of 
Bianchi’s identity in a differentiable Riemannian manifold. 

There are corresponding generalizations of (1) in higher dimensional spaces. 
More precisely there is one such identity at each 7,_;, binding the generators 
of all T,, bones having this 7,_3 as boundary. Not all these identities are 
independent since it is enough to write them for all 7,_; having a given 7, 4 
as boundary but one, this one being a consequence of the others. In a sense 
a Ty acts as a negative constraint by diminishing the number of Bianchi 
identities. We have not carried our investigation as far as to show what the 
actual number of Bianchi’s identities is and in particular what is the role of 
T,-5 ete., in determining it since the problem does not arise in M,. 


5. — Differentiable manifolds. 


The transition of a skeleton space into a differentiable manifold can be 
accomplished if we increase the density o of bones while at the same time 
keeping oe slowly varying. We have already shown how this procedure works 
on a surface. Here we shall proceed in similar fashion on a M,,n> 2. To begin 
with let’s deal with a boundle of parallel bones on a M,. We suppose that the 
curvature induced by the bones is small so that we may regards M, as approx- 
imately euclidean. Let U be a unit vector parallel to the bones. We test the 
curvature by carrying a vector A around a small loop of area +’ and unit nor- 
mal n, 2= Zn. At the end of the test A is found to have rotated around U 
by the angle o= Ne, where N is the number of bones entangled in the loop. 
We have N= o(U, Z), being the number of bones passing through the loop 
Z=U. The final result is then: 


A = 9e(UAA)(U, =). 
On the other hand from standard textbooks we know that: 


A, =R,, FA 
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By comparing these results we get: 


(2) 1 OAL aU ae = eal o 

This approximation has all the symmetry properties of the full Riemann tensor. 
If several bundles are present their effects at this stage are merely additive. 
In M, a bone has an orientation determined by a skew symmetric tensor Uno 
U,,0 = 2, O60 yg + UnaUsot UngUox = 0. If we deal with a bundle of pa- 
rallel bones we may chose co-ordinates «,, x, perpendicular to the bone, 
%s …. %, parallel to it. In this case U,=—U,=1, while all other compo- 
nents vanish. Eq. (2) still holds provided wu, o, «, f are allowed to take all 
values 1...n. Independently of n the scalar curvature R is given by 20e. 
We shall now show the connection between eq. (1) and Bianchi’s identities 


in this approximation. If the &’s are small (1) can be written as: 


mm m 


De Ul=0 or SE Se for an m-joint in M,. 
1 1 


Suppose next that there is a distribution of identical m-joints of density o. 
This means also that we have m bundles of parallel bones, the p-th bundle 
having defect e,, direction U”, density 0,. Of course 0, cannot be considered 
constant because an m-joint produces a decay or creation (depending on the 
direction) of a bone into or from the others. The rate of decay depends on o. 
This rate can be estimated as follows. By definition o, is the density of flux 
of the outgoing bundle of bones through a surface Z orthogonal to U,. 

Let the position of Z be determined by an abscissa s computed along the 
direction of U,. Let C be a cylinder of height ds and basis X(s). Each joint 
in € increases by a unit the flux of 0, bones through 2(s+ds). There are 
Z-o-ds joints in C and therefore: 


2 [@o(s + ds) — @,(s)] = Z'o(s) ds or = 


it follows 


The Riemann tensor is then given by eq. (2) as: 
€ ANS Tp TD 
(3) Reig is = 4200» Og U a0 - 


In our approximation covariant derivatives reduce to normal derivatives. 
Bianchi’s identities can be written as: 


~ 
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We introduce (3) into (4) and treat e, and U, as constants. Use in made 


of operator identity: 


Un UE bdo x = (U, grad)e,,5, 
the result is then: 


x NS fa (e 
Bypass = > (Un; grad Oper Urges, = E1060 De Urg= 9; 
yp 


p 


by virtue of (1). The connection between (1) and Bianchi’s identities is then 


evident. 


6. — Lorentz manifolds. 


If the metric of a skeleton space is not positive definite then we must re- 
place orthogonal matrices with Lorentz matrices. Correspondingly the defects 
may become imaginary. Also the usual triangular inequalities among sides 
of a simplex cease to hold, for instance in a triangle where all sides are timelike | 
one side is larger than the sum of the others. In general, however, it is evident | 
how to modify ordinary trigonometry in order to fit the needs. In an M, | 
bones are triangles and, if the metric is indefinite with one time co-ordinate, | 
there are three kinds of bones: 

| 
| 


1) Spacelike. Every vector on the bone is spacelike. It is imaginary. 


2) Null. Every vector on the bone is a linear combination of a null 
vector and a spacelike vector orthogonal to it. In this case the corresponding 
Lorentz matrices cannot be diagonalized. We have e= 0. 


3) Timelike. There are both timelike and spacelike vectors on the bone. 
e is real. 


For simplicity we shall restrict ourselves to timelike bones only or at most 
null bones. 

A useful parameter in the following is the area L of the bone. Let A 
be two sides of the bone. We define L as follows: 


B, 


pe? 


41? = (A,B")°— (A, A*)(B, BY). 


L is therefore always a real quantity. If the bone is timelike, L is real 
and we choose always L> 0. We restrict ourselves to timelike bones also in 
order to avoid ambiguities in the definition of L. If the bone is null then L=0. | 


| 
Zu 
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7. — Variational principles. 


The most direct way of approximating an Einstein space with a skeleton 
space is to use a variational principle. The lagrangian is evidently 


1 


re 
167% 


Jr dix ./— 9, 


calculated on the skeleton and we vary this lagrangian in the lengths of all 7: 
This choice is particularly happy because we know that these lengths yield 
the same type of information as the metric tensor. Moreover there is a simple 
expression for Z in terms of the deficiencies and areas af the bones. Indeed 
we know that within the 7, and 7, there is no contribution to the integral 
because R is a distribution with the support w. JZ is an additive function of 
the bones. Let » label the bones in the skeleton. Then “=> F(T}). The 
n 


function Æ is of course the same function for all bones. Since the bone is 
homogeneous, F(T°) is proportional to the area of the bone F(T,) = L, f(e,), 
where f depends on e, only. 7} can be considered as the superposition of two 
bones 7? and 7% with the same shape and area and such that e, = CAR 
It follows f(e,) = f(e,)-+f(e,). The latter condition implies f(e) = Ce, where C 
is a constant. We may write then L= Op ten lan This result has to be 
n 
compared with Y= (1/87) [eo diæ in the limit discussed in Section 5 and 
for a bundle of identical bones of equal area. From the comparison we get 
O37 and = (1/87) DL, En. In M, the corresponding result is 
n 


L= CYe,L?, where L is the m —2 dimensional measure of T7,,. 
n 


The next task is then the variation of Z in the lengths J, of 77. While 
it is clear how L, depends on {,, the dependence of e, on /, is rather involved. 
However quite remarkably we can carry out the variation of Z as if the e, 
were constants: 


1 
SG = Sa 2€ Ln, 


(See the Appendix for the proof; the result holds in any dimension.) 

In an M, the measures Lì are simply the lengths 4, of T?, which are all 
independent, the field equations are then simply en= 0, i.e. all 3 dimensional 
Einstein skeletons are flat, as expected. 

In M, the field equations are instead: 


olin 
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The summation is now extended on all n such that J, is a side of L,. We have. 


then: 
dL» 


NA 


=I, ctg Bon ’ 


0, being the angle which is opposite to J, in TY. Finally: 


(5) De Cie 00 


are Einstein’s equations for an empty skeleton space. They can be shown, with 
the methods of Section 5, to degenerate into R,,= 0 for a differential mani- 
fold. 

If M, is a compact manifold, and the number of simplexes in the decom- 
position is finite, say 1<p< P, we have P equations (5) in P variables l,. 
One such variable can be however fixed at will since if J, is a solution of (5), 
also Al, is a solution. In other words (5) is a set of P homogeneous equations 
in the J,’s and in general we should have no solution to (5) except the trivial 
l,= 0. However we have no proof that one or more eq. (5) are not independent 
of the others and the question of the existence of a compact Einstein skeleton 
space is still open. Any answer to the question in our simplified model would 
bring strong evidence in favor of a similar answer for differentiable manifolds. 
Also (5) is formally suitable for relaxation methods or it could be programmed 
on a computer if the question of the existence of a solution is first met. 


APPENDIX 


We shall show now that for infinitesimal variations of 1, we have in M 


m 


(6) oe 08 
p 


m 


» is the m—2 dimensional measure of the n-th bone. 

Let 7, be a simplex and let in 7, be defined a cartesian set of co-ordinates. 
T, has n +1, Ti, boundary simplexes, r:1... n +1. Any two simplexes 77_,, 
s 3 Sh sr 
Tr, have a common boundary T,. Let U', be the unit vector normal to 
" . È al = te si 
“e r:0...n—1, and U,U"=1. If 6,, is the angle between 7”_, and T°, 

we have: 


C08 0, AU to 
Next we consider the skew symmetric tensor 


rs TS « vs 1 
Ung = — Ur: sin 0,,07* =. 0, Uj — U, Up: 
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Clearly we have U7, U"*# —2 so that Us, is exactly the tensor used in 
Section 5, eq. (2) and following, and defines the orientation of T,. If CHA 
is the measure of 77°, we have the following identity: 


(7) DELE U” = 0: 


take namely a frame where Uj = 1, Uzzo=0. Then Vi= U%, 14 0 are the 
only non vanishing components of U7, and V$V**— 1. In T°, the quantity 
bi V5 4” is the flux of the constant vector A? through the boundary of 77_, 
and therefore vanishes. 


Take now the formula: 
al 


Me == 
Sint Oe 


(US Wt + VU; OUT"), 


and transform it using the identity: 


> I i È 
RANE sin 0 (cos 0,,U, — Uz) ; 


and : 


LEURS TN (Uc), 


sin 0, 


having used U;SU™—=0. We get: 


30 = UG,(U™ SU + U3) , 
so that by (7): 


SVG Sie 


(6) then follows by taking the sum of the above identity on all simplexes 
of the skeleton. 


The author wishes to thank Prof. J. A. WHEELER and Dr. C. MISNER for 
many suggestions and encouragement. 


RIASSUNTO 


are 

In questo lavoro viene sviluppato il formalismo matematico della relatività gene- 
ralizzata in modo da evitare l’uso di coordinate. A tal uopo si introducono decompo- 
sizioni simpliciali di yarietà rimanniane che costituiscono l’analogo iperdimensionale 
di poliedri. Si spera che questo nuovo formalismo renda possibile la discussione di 
soluzioni delle equazioni di Einstein corrispondenti a topologie di elevata complessità. 
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Minimal Electromagnetic Coupling for Spin Two Particles (*). 


P. FEDERBUSH 


Department of Physics and Laboratory for Nuclear Science 
Massachusetts Institute of Technology - Cambridge, Mass. 


(ricevuto il 24 Ottobre 1960) 
Summary. — It is noted that if the same Lagrangian that describes the 


linearized theory of general relativity is extended to charged massed spin 
2 particles the coupling cannot be minimal electromagnetic. 


There has recently been some revival of interest in field theories of higher | 
spin particles, as developed without the use of subsidiary conditions and inde- 
finite metrics (1%). For general relativity this corresponds to the procedure | 
of ref. (?), 2.e., the description of gravitational waves in the so-called radiation 
gauge. In ref. (1) it is shown that for charged spin 3 particles, described by | 
the usual class of possible free Lagrangians and extended to the coupled case 
by minimal coupling, no such consistent theory is possible. Both Lorentz | 
invariance and positive definiteness are violated. We shall investigate a charged 
spin 2 theory with minimal coupling and run into still another difficulty. 

The Lagrangian we consider is the following: 


i quo x x x pipy pra nA Xl Ure wa 
L= DAS [etto = Ho an OL] PE 1 Ie le Î ou Ei 4 da ATI, Se 


m2 ~ 


AS B | N 
4 A wA ec bh. ca 


sin 
| 


Are = VALE : TE di pe 


uv vu 


() This work is supported in part through AEC Contract AT(30-1)-2098, by funds! 
provided by the U.S. Atomic Energy Commission, the Office of Naval Research and! 
the Air Force Office of Scientific Research. 

(*) K. JoHNsoN and E. C. G. SUDARSHAN: to be published. 

(2) R. ARNOWITT and $. DESER: Phys. Rev., 113, 745 (1959). 

(3) A. Komar: to be published. 
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It has the property of leading to a theory of massless particles like gravitons 
when m= 0. (The gauge invariance this implies probably gives a unique spe- 
cification of this Lagrangian.) When m+0 the equations describe spin 2 
particles with the correct number of propagating solutions, five for particle 
and five for antiparticle. However, if the field is coupled to an external electro- 
magnetic field minimally (i.e. by the prescription 0, —0,+ieA,) in general 
the number of propagating fields becomes 12 rather than 10. The type of 
calculations necessary to reach this conclusion are described in ref. (1). By 
the addition of a term 


. {uv 
i APP Apr) 


to the Lagrangian the correct number of canonical variables is restored, al- 
though other inconsistencies may remain. 

In conclusion we note that not only is the minimal electromagnetic coupling 
not unique, since it depends on the choice of the free Lagrangian, but in at least 
two theories, the usual spin 3 and spin 2 theories, it leads to inconsistencies. 
The type of inconsistency induced in spin 2 theory is suggestive of the difficulties 
that one encounters in the effort to avoid subsidiary conditions; but the lack 
of a renormalizable theory of these spins keeps the question hypothetical. 


RIASSUNTO () 


Si nota che se lo stesso lagrangiano che descrive la teoria linearizzata della rela- 
tività generale viene esteso alle particelle di spin 2 aventi masse con carica, l’accop- 
piamento non pud essere minimo di tipo elettromagnetico. 


(*) Traduzione a cura della Redazione. 
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Green’s Function in Some Covariant Soluble Problems. 


S. OKUBO (*) 


CERN - Geneva 


(ricevuto il 24 Ottobre 1960) 


Summary. — Examples of soluble covariant field theory are given, where 
there is no scattering but where the Green’s functions are non-trivial. 
Exact expressions for the Green’s functions are obtained, and in each 
case they show a peculiar behaviour on the light cone. Some cases exhibit 
the ghost-like trouble. In one case, it is shown that Lehmann’s proof 
for the spectral representation of the two-body Green’s function fails. 
All examples given here contradict Haag’s theorem and the significance 
of this contradiction is pointed out. 


1. — It is well-known that the vector coupling theory of the neutral scalar 
meson with a fermion field can be solved exactly. Although this theory gives 


no scattering at all, the Green’s functions are not equivalent to those of the | 


free field (1). The purpose of this note is to show that there is an infinite 
number of soluble theor‘es belonging to a certain class, which are relativ- 
istically invariant and give no scattering at all but with non-trivial Green’s 


functions. Exact expressions for these Green’s functions have been obtained and | 
they show peculiar singularities on the light cone. Because of this, they in 


general will not satisfy Lehmann’s spectral representation (2) (at least his ori- 
ginal proof fails). Another interesting point is the appearance of the ghost- 
like trouble in one case. This example may give some insight into the ghost 
problem of the covariant field theory. Finally, all examples considered here 
violate the so-called Haag theorem and an explanation for this phenomenon 
is discussed. 


() This work has been in part supported by National Science Foundation, U.S. 
(*) S. OkuBo: Prog. Theor. Phys. (Japan), 11, 80 (1954). 
(2) H. LEHMANN: Nuovo Cimento, 11, 342 (1954). 
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Cr 
Y 
Qt 


2. — We start from the following Lagrangian (*) 


A «LZ 
l= € r 0 = Il 0 3 me 
n |a] 


ioe EUR 4 à Ch za 
PA AA ee CL ere D 


IT) 


where (9) is an arbitrary local hermitian function of (x). When put we 

F(g)= 99; g being a real constant, then eq. (1) reduces to the vector coupling 

theory of the neutral scalar meson, which had been treated previously (1). 
The equations of motion are given by 


0 i OF (y) Fg) 
bat) rer eg R ù 


(2) | 
(Op 0 


The Hamiltonian of our theory is easily computed by the conventional 
method, 


H = fast + H,(x)] = H, +H, 


1 
Hi(x) = y*(a-p + Bm) y + 5 [(Ve) + we +2], 


en 
5 D ap ly — priv] — 
5 È ae, ero riv] 


Lr aio +10 ee n 
SA toa) Vv PES ROSE 


where x(x) is the canonical conjugate of g(x), so that 


dp 1 ot 
Lie 3 dg 


* 


y— py"). 


7t(x) 


(‘) If we use the Hamiltonian equation, as we shall shortly, we can prove that 


le) 1/3F Oop op oF 
=~ Fle) 
Ox, 


_ 2|89 Ox, dx, dp 
This remark will be usefull in what follows. 


Uci 
n 
Uci 
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For an arbitrary operator Q, we must have the Hamiltonian equation 


dQ 


(4) + = iH, Ql. 


The quantization can be achieved by the canonical commutation relations: 


[r(x), p(x')] =—1d%(x—x’), 

(5) {y(x), (= (x — x"), 
[x(x), p(x')] = (px), p(x] = 0, 
[r(x), x(x')] = [y(x), p(x)] = 0. 


It is easy to check that our quantization is consistent, 2.e. the Hamiltonian 
equation (4) reproduces exactly the Lagrangian eq. (2) on the basis of the — 
commutation laws eq. (5). | 

Now let us consider the following unitary operator U, 


i 


(6) Ue=texp Lars (p*(x) p(x) — p(x) p*(x)) F(p(x)) |. 
Then, after some algebra, we can easily show that 


(7) H = UH,U- 

and also we have | 
UT (x) U = (x) , 

di | U-p(x)U= exp [iF(p(x))]: y (x) . 


Because of eq. (7), the eigen-functions ‘7, of H and ®, of H, are related to 
each other by the following relation 


(9) PMO 


Next, we define two time-dependent operators, the Heisenberg operator 
Q(t) and the free-field operator Q,(t) (of the interaction representation) res- 
pectively, from the time-independent Q as follows: 


o Q(t) = exp [<Ht]Q exp [—iHi], 
(10 
Qo(t) = exp [iHt]Q exp [— Hit]. 
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Then, using eq. (7) and (8), the Heisenberg operators y and are related to 
the free-field operators y and gv by 


Ut 9a) U = pl), 


(11) 
U-1y(æ)U = exp [1 F(po(@)) | -po(x) 


where x denotes a point in the four-dimensional space with the co-ordi- 
nates (x, t). 

By means of eq. (9) and (11), we can compute the Green’s functions exactly. 
For example, let us consider the two-body case, 


(12) Ga, y) = — (Yo L (ple) BY) Po) - 
Inserting eq. (9) into eq. (12) and using eq. (11), we obtain 
(12') Ge, y) = S,(w — y)(®, P(exp[iF(p(x))], exp [— i F(po(y))1) Po) » 


where 
Sw — y) =— (DI T (polw) Ply) Po) 
is the free-field propagator. 


In order to evaluate the matrix element appearing in eq. (12'), we use the 
following trick (*); we express exp [/F(z)] as a Fourier transform, 


(13) exp [iF (z) | = fano exp [itz], 


and use the equation (‘) 


(14) (BF P(exp [itgo(w)], exp [— és poly)]) Da) = 
= exp [ts4,(« — y) — (it + s*)4,(0)], 


where A, is the free propagator for the meson field, defined by 


A p(w — y) = (De P(poe) pol) Po) - 


(3) T. Axrpa and K. SawaBa: Prog. Theor. Phys. (Japan), 12, 94 (1954); C. GOEBEL: 
Phys. Rev., 101, 468 (1956). 
(4) R. J. GLAUBER: Phys. Rev., 84, 395 (1951). 
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Thus, finally, we have 
eter it 
(15) G(x, y) = Sp(w — y) | dt | ds h(t) h*(s) exp [ts A (@ — y) — 5 (# + 82) 4,(0) 


This result can be generalized for all Green’s functions. For example, the 
n-body fermion Green’s function is given by 


(16) Gas, 6-2 ing Vi Va) == Galt, ce San Ya ea) oe 


(col foe} 


|. far Be ts dns MAN NRA ESSO 
1 n 
“EXP 5 2 268; Api — Y5) — tit; À (ds — %;) —8:8; À p(y; — Y;)] ; 


where G, is the corresponding Green’s function of the free field. 

For the vector coupling of the scalar meson theory, F—gy, g being 
a real constant. In this case, h(t) = 6(g—t) and then eq. (16) reduces to the 
formula which has been derived previously (5) by using a different method. 
Also, from eq. (16) we can conclude that there is no scattering at all among 
fermions. We can prove this by using the same method described previously (°). 
This conclusion can be easily generalized to include mesons. In this con- 
nection, it may be interesting to mention the existence of other theories of 
a similar nature, %.e. the ones having non-trivial Green’s functions but which 
give no scattering at all. One such example has been treated by BARDAKCI 
and SUDARSHAN (5), whose theory is the one obtained when we keep only finite 
terms in the so-called Haag expansion of the Heisenberg operator into the 
infinite series of the free operators. Furthermore, ARAKI et al. (7) gave a theorem 
of a similar nature. 

Finally, we would like to point out the meaning of eq. (11). This can 
be interpreted as follows. In the original Lagrangian eq. (1), we have chosen 
y and q as the fundamental canonical variables. However, if we choose as 
the canonical variables y’ and g' such that g'= y, y'=exp[iF(~)|p from the 
beginning, then we can see that L reduces to L, in terms of the new variables 
y and g'. This is the situation contained in eq. (11), if we identify y' and q’ 
with y, and gy, respectively. In the conventional Lagrangian theory, there 
always exist such ambiguities with regard to the variables which are to 


(5) S. OkuBo: Nuovo Cimento, 15, 949 (1960). 

(9) K. Barpaxcr and E. C. G. SUDARSHAN: private communication. 

(7) H. ARAKI, R. Haac and B. ScHROER: preprint Determination of a local or almost 
L fi 


local field from a given current (1960). 
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be chosen as the canonical ones. In our case, two different choices of the 
eanonical variables give two different Green’s functions, although the physical 
content is the same, at least, on the surface. However, in some cases a par- 
ticular choice like the present case will cause some trouble as will be seen in 
the following section. 


3. — In this section, we first investigate two special cases: i) F— gp and ii) 
F=gq*, corresponding to each case, the Fourier transform of eq. (13) is given by 


(i) h(t) = d(t—g), 


mg , 


(ii) h(t) = (42¢|g|)-* exp |- To] iti. 


Accordingly the Green’s function can be computed from eq. (15), 
(17a) (i) G(x, y) = S,(a—y) exp[g?4,(e—y) —g°4,(0)], 
(17b) (ii) @(@, y) = S,(@—y)[1+ 49°20) — 4g? 4x — YF. 


Therefore, the renormalization constant Z, and the renormalized charge gì are 
given respectively by 


(18a) (i) Ze exp toed An) |, 
(18b) (ii) Z, = [1 + 4g* 40) +, 
(190) — (i) G= 9; 

(19b) (ii) g = g°[1+ 49° A720). 


The reason why g2=g? in the first case can be explained as due to the exis- 
tence of the Ward identity(*). Finally, the renormalized Green’s functions are 
given by 


(20a) (i) Sila — y) = 8,(@ — y) exp [g,4,(@ — y)] , 
(20b) (ii) Spe — y) = 8,(œ —y) [1 — 497 Are — y)T*, 
where we have written G,(x, y) = S,(x — y). 


We note that in the second case F— gy’, eq. (19b) has exactly the same 
form as in the Lee model (8) or the Landau model (°), and so generally we have 


(8) T. D. Lee: Phys. Rev., 95, 1329 (1954); G. KALLÉN and W. PAULI: Kong. Danske 
Videnskab. Selbskab. Mat.-Fys. Medd., 30, No. 7 (1955). 

(?) L. D. LANDAU, A. Aprikosov and L. HALATNIKOV: Suppl. Nuovo Cimento, 
3, 80 (1956). 
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a ghost-like situation. This can be best seen from eq. (20b), since Si (a —Y) Va 
would become imaginary for small (0 — y)?, thus contradicting the positive 
definite character of — G(a, v)y,. In view of this difficulty, we are forced to 
introduce the indefinite metric in our theory. It is quite interesting to observe 
that eq. (20b) is less singular on the light cone than the free field propagator 
S,(@—y), as we can see from eq. (20b). The same situation does not apply 
for the first case eq. (20a), which is exponentially singular on the light cone. 
In this case, if we make a formal analytic continuation of g; into ig?, then 
eq. (20a) exhibits an infinite oscillation near the light cone, which has some 
similarity to the suggestion given by HEISENBERG (!°). Such a situation has 
been already utilized for the renormalizability proof of a certain type of 
type of theories (1) otherwise un-renormalizable in the usual sense. 

Now let us investigate the validity of Lehmann’s spectral representation (?) 
in this connection. For the second case, eq. (20b), it does not hold in the sense 
that our theory does not admit a positive definite quantization as has been 
remarked already. For the first case, eq. (20a) has an exponential singularity 
on the light cone, since 


1 1 


~ Ga a? te Sees 


A(x) 


Thus eq. (20a) has a singularity on the light cone, which increases expo- 
nentially inside the space-like region. So we may guess that Lehmann’s spectral 
representation cannot hold. Actually, in this case, we will show that indeed, 
Lehmann’s original proof fails. LEHMANN (?) has proved that any two-body 
Green’s function S" satisfies the following representations with the same 9, 
and o, for all propagators: 


feo} 


(21) S'O(æ) = SO(x, m) + | dt lew ly 4) AL al A(x, t) , 


(m + y) 


provided the definitions of 9, and 0, by means of the following relation have 
meaning, 


(iyk) 0,(V— k*) — o.(V—k°) = — (20)? À (Pi p,(0) x) (Pep,(0) %) 8(k — k,) = 


n 


1 ; È. 
= Ga | atk exp [— ikea — y)] (Po y (@) ply) %) ; 


(a (to,(t) > at) > — to, (t)) , (> 0). 


ges) H. P. Dire, W. HEISENBERG, H. MITTER, 8. SCHLIEDER and K. YAMAZAKI: 
Zeits. f. Naturf., 14a, 441 (1959). 
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In eq. (22) p,(a) is the renormalized operator of y(æ). Now the point is the r.h.s. 
(right-hand side) of eq. (22) does not exist at all in our case and hence 9, and 
o, are meaningless. Thus, Lehmann’s original proof fails at this point. The 
above mentioned statement can be proved by exactly calculating the integrand 
on the r.h.s. of eq. (22). By using the method of the previous section, we can 
easily show that (*) 


(23) SPY = (Pope) p(y) Po) = SP, m) exp Lig A (a, 1)], 


where we have written the S and A functions explicitly as functions of m 
and u, the nucleon and meson masses respectively. Now eq. (23) has an expo- 
nentially divergent singularity on the light cone in the space-like region 
22> 0, since 

i al 

An x? — (a — ie)? | 


A (x) ~ (0° +0): 


This shows that the r.h.s. of eq. (22) is meaningless, and so the Lehmann’s 
argument fails. Of course, this does not exclude a possibility that the 8’ function 
still could satisfy the relations like eq. (21). However, if this were the case, 


0, and g, in eq. (21) have to be different for different propagators. This can 
be shown as follows: Consider the S’ function defined by 


Se — y) = (PS (pelo) pe) + Poly) pre) Ho) - 
By using the technique of the previous section, we find 
(24) S'(x) = S'(@, m) exp [ig2 A(x, u)] + SO (a, m) exp [—ig?A@ (a, u)] - 


The §’ function behaves nicely near the light cone, in contrast to the S, fune- 
tion. This is due to the fact that the S’ function is zero in the space-like region 
because of the causality. Notice that for the time-like region #?< 0, A(x, t) 
can be written as 


Then, eq. (21) for the S’ function is equivalent to the Fourier-Bessel trans- 
form (11) of the S’(x) function, so that the weight functions 0, and o, can be 


(‘) All propagators in this paper are the same as in reference (2) except for a factor 2 
for the A, and S, functions. 
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computed by the inverse Fourier-Bessel formula (11). In this way, we get 


TE 


cm] 


toi(t) = mi (. ds sJ,(st) ) etm s) DS 
0 


+ HP (ns) [exp | 


na 
0,(t) =— ds sJ, (st) [ri ms) exp 


a Heu) | — 


+ HY (ms) DI 


a 12 2 Hu) aie | 


| 
| > 


From this we find that for t + co 


ot) o(t*) ; Qa(t) — o(t~*) : 


Then we can compute the right hand side of eq. (21) in case of the S, function. 
It is easy to show that then it must have a singularity of at most (#?)-? near 
æ?— +0, whereas eq. (20a) behaves like exp{(g?/4x)(x?) 1]. This is a contra- 
diction and therefore, if eq. (21) is true, then o, and 0, must be different for 
different propagators—a situation which is different from the Lehmann’s case. 
Actually, it is quite unlikely that the Se function will ever be written in the form 


of eq. (21). By using a similar argument, we can show that if | [at hops = 


exists for some positive integer n, then the r.h.s. of eq. (21) has to have à 
singularity of at most (#)-" at 4? — +0, which is again a contradiction with 
eq. (20a). 

Finally, we consider one more singular case, 


(ili) F(g) = g log 


g|= 3g log (gp?) . 


In this case, we can still calculate Green’s function from eq. (15) to get 


Ag(® 


(25) G(x, y) = cosh (o sin! i ‘S,(@—y). 


1 
cosh ((z/2)g) 


It is now no longer possible to separate the divergent constants into a 


multiplicative renormalization factor, but the renormalization constant Z, can 
still be defined by 


G(a, y) = Z,8,(¢—y), (y) CCE 


(4) E. C. TITCHMARSH: Introduction to the Theory of Fourier Integral, 2nd Edition 
(Oxford, 1948), p. 240. 
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Then we have 


xi 


di cosh ((x/2)g) ‘ 


It is remarkable that Z, is finite now and satisfies 0 < Z,<1 as the pre- 
vious cases. 


4. — In this last section we discuss briefly the connection of our theory with 
the so-called Haag theorem (12). Since we have introduced the Heisenberg 
and interaction representation at t=0 the canonical variables y(x), p(x), 
u(x) of the former agree with w(x), q(x), mx) of the latter at the time 
t= 0. Or more generally, at an arbitrary time #, we can find an unitary ope- 
rator V, such that 


Vi w(x, t)V, — Wo(x, t), 
Vi" g(x, t)Vi = pol, t) , 
ET AE t) Vi = To(x, t) , 


t 


where V, is explicitly given by 


V,= U-exp 


SE | dex [po(x, t) po(x, t) — pola, t) yo(x, t)] F (px; t)) 


Therefore, according to the first part of the Haag theorem (!°), the two 
vacuum states Y% and ®, must agree (notice that at t= 0, V,=1). There- 
fore, according to eq. (9), we must have U=1, i.e. F=0. Then the second 
part of the Haag theorem (121%) is automatic, ?.e. our Green’s functions must 
be equivalent to those of the free fields in contrast to eq. (15) and (16). This 
situation suggests that the operator U is not a proper unitary operator in a 
given Hilbert space, but a transformation which carries one Hilbert space into 
another inequivalent one (1415). This can be illustrated also as follows. 


(2) R. Haae: Kgl. Danske Videnskab. Selbskab. Mat.-Fys. Medd., 29, No. 12 (1955); 
P. W. Hazz and A. S. WientmMAN: Kgl. Danske Videnskab. Selbskab. Mat.-Fys. Medd., 
31. No. 5 (1957). 

(13) O. W. GREENBERG: Phys. Rev., 115, 706 (1959). 

(4) A. S. Wigurman and S. SCHWEBER: Phys. Kev., 98, 812 (1955); L. GARDING 
and A. S. WIGHTMAN: Proc. Natl. Acad. Sci. U.S.A., 40, 617, 622 (1954). 

(15) Æ.g. see examples given by R. HAAG (reference (!2)) and also by VAN Hove: 
Physica, 18, 145 (1952); J. M. Jaucx: Nuovo Cimento, 16, 1068 (1960); Y. NAMBU: 
preprint Dynamical theory of elementary particles suggested by superconductivity (Uni- 
versity of Chicago). 


n 
a 
Let 


584 S. OKUBO 


Define 


(26) Ufo) = exp 


| do, (Py, — pyap) F(p)| » 
where o is a space-like surface and U(o) is obviously covariant. Then eq. (9) 


can be re-written as 


(27) YU (DIE a 3 Pia 


Now, since our theory is relativistic invariant, we can choose any reference 
system for the quantization from the beginning. This means that for a Lo- 
rentz transformation including translation, eq. (27) must change as (note that 
W, and ®, have the same energy and momentum) 


(28) Pr = U(0)D;, 


where # and © are the quantities after Lorentz transformation of the state n 
and the space-like surface o, respectively. However, the states n cover all 
possible states and in particular the states ”. Therefore, eq. (27) must still 
hold after substituting n — 7. Thus we have 


Po) 


comparing this with eq. (28), we conclude that U(¢)= U(0). 
This means that U(c) is independent of the space-like surface o. Then 
note that for any two space-like surface o, and o, we have 


O1 


n 


VA av ò È 7 
i | dee py tp — YAP) af | = | | do, (pyaup — pyap)F(p) = 0, 


GI Gy 


where we have used the fact that U(0,)= U(0,). This result is reconcilable 


only if F—0Q (since F=const is trivial) i.e. there is no interaction again. 
This means that by Lorentz transformation Ÿ,, does not go to P~ of the same 
Hilbert space when F0, provided that ®, does go to DI, Thus in a sense, 
Y, is not invariant under a Lorentz transformation, and the Lorentz trans- 
formation in general (always except for the pure space rotations and trans- 
lations) brings one Hilbert space into another inequivalent Hilbert space. This 
is the reason why we can have Green’s functions differing from the free field 
ones against the Haag theorem. 
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for discussions and for his kind hospitality at the University of Rochester 
during the summer of 1960, where a part of this work has been done. He is 
grateful to Prof. E. C. G. SUDARSHAN for communicating his results to 
the author. 


RIASSUNTO (*) 


Si danno esempi di una teoria covariante di campo solubile, in cui non si ha scat- 
tering ma nella quale le funzioni di Green non sono banali. Si ottengono espressioni 
esatte delle funzioni di Green, che in ogni caso presentano un comportamento pecu- 
liare nel cono di luce. Alcuni casi danno origine a fenomeni di fantasma. In un caso, 
si mostra che la prova di Lehmann per la rappresentazione spettrale della funzione 
di Green per i due corpi fallisce. Tutti gli esempi qui dati contraddicono il teorema di 
Haag e si sottolinea il significato di questa contraddizione. 


(*) Traduzione a cura della Redazione. 
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Generalized Gauge Invariance and Strong Interactions. 


V. GUPTA 


Tata Institute of Fundamental Research - Bombay 


(ricevuto il 28 Ottobre 1960) 


€ummary. — The principle of generalized gauge invariance is put forward, 
namely that boson fields and their interactions with the fermion fields be 
introduced only through demanding the invariance of the free fermion 
Lagrangian under gauge transformations. If one makes renormalizability 
a further fundamental criterion to be satisfied by the interactions (ob- 
tained through generalized gauge transformations) then, the meson-baryon 
strong interactions with only pseudo-scalar coupling can be obtained. 


1. — Introduction. 


The interactions which can be written between fermion and boson fields 
are fairly large in number. Theoretically, the number is limited by imposing 
on the interaction Lagrangian certain restrictions, like hermiticity, locality, 
Lorentz invariance, charge conservation ete. Despite, the imposition of the 
above requirements and invariance principles, a fair number of boson-fermion 
interactions are possible. At present there is no way of choosing between 
them except by appealing to experiment. But, it would be desirable to have 
some theoretical principle which could limit the choice of interactions offered 
by the existing well-known principles mentioned above. 

In this note we suggest that such a theoretical principle could be provided 
by the requirement of invariance, under various gauge transformations, of the 
free fermion Lagrangian Z,. The virtue of this approach is that requirement 
of invariance of L, necessitates the introduction of a boson field as well as its 
interaction with the fermion field. The nature of the boson field so introduced 
is then completely determined by appeal to the existing principles like parity 
conservation, charge conservation ete. Of course if Z, remains invariant under 
the transformation then according to our view point the introduction of a 
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boson field and its interaction with the fermion field would be artificial. The 
theoretical principle outlined above, referred to as generalized gauge inva- 
riance (abbreviated as G.G.I.), has already been suggested (1) by SALAM and 
GELL-MANN. They further consider renormalizability of the interaction as a 
further fundamental criterion to obtain uniqueness of the interactions. It is 
the purpose of this paper to show that the strong and electromagnetic inter- 
actions may be generated in a fairly unique way using G.G.I. and renorma- 
lizability. 

It is well known that the electromagnetic field and its interaction with a 
charged fermion y may be introduced by requiring the free fermion Lagrangian 
to be invariant under the gauge transformation y —expliea(x,)]y. This 
transformation associates a different rotation « in a two-dimensional charge 
space with each space-time point. The requirement of invariance demands that 
physical processes be independent of this arbitrary way of choosing the orien- 
tation of charge axes at all space-time points. For a fuller discussion of other 
gauge transformations one may associate with a see section 2. 

Now, if the fermion field y is an isotopic spin doublet then one can, in a way 
analogous to above, associate isotopic gauge transformations (?*) with a rota- 
tion characterized by a vector, «, in the three-dimensional isotopic space. In I, 
it was shown that by demanding invariance of Z,; under the infinitesimal iso- 
topic gauge transformation (*) 


(1) y — (1 + igys T'a)y, 


where « is a constant with respect to space-time (os æ— 0), it is possible to 
introduce a spin zero iso-vector boson field g and its charge independent 
pseudoscalar coupling only with y. The transformation of g simultaneous 
to (1) isg->g+« and the gauge is restricted by the condition «-p=0. 
Conservation of parity would determine g to be pseudoscalar. 

In Section 2 we discuss the uniqueness of our procedure for generating the 
electromagnetic and pion fields and their couplings. In Section 3 we show 
that the K-meson fields and their couplings to the baryons, in the « doublet 
approximation » (abbreviated as D.A.) may be generated on the principle 
BEN G.G:T. 

For this purpose we introduce a new three-dimensional Euclidean space, 
called H-space, in complete analogy to the usual isotopic spin space. The 


(1) A. SALAM: Lecture, 47th Indian Science Congress, Bombay (1960). 

(2) C. N. Yane and R. L. Minis: Phys. Rev., 96, 191 (1954). 

Ey Ve CAN Nuclear Physics, 18, 149 (1960). Hereafter referred to as I. 

(*) We follow exactly the notation of I throughout. A bar below denotes isotopic 
| vectors. 
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relation of the H-space to other spaces introduced by various authors to give 
a mathematical formulation of the theory of elementary particles, we hope, 
to discuss in a future publication. But, what we wish to emphasize here is 
the importance of G.G.I. and renormalizability in generating the boson fields 
and their strong interactions with the baryons. 


2. — Possible gauge transformations and uniqueness of the method of G.G.I. 


In this section we discuss the uniqueness of the boson fields and their 
coupling to fermions generated by the possible gauge transformations in the 
various spaces corresponding to the intrinsic properties (like charge etc.). 


21. Charge space. — We start with a charged fermion field y and its free 
Lagrangian density DZ, and let « characterize a rotation in the two-dimensional 
charge space. The possible infinitesimal gauge transformations (giving Lorentz 


invariance) are 


(2a) y > (1+ iex)y , 

(2b) > (1+ ieale,))y, 
(2c) —> (1+ tfays)yp , 
(2d) > (1+ tfec(@,)ys)y - 


In (2a) and (2c) « is constant with respect to space-time. The transforma- 
tions (2a) and (2b) are well-known and give charge conservation and the electro- 
magnetic field A respectively. The transformation (2c) permits the intro- 
duction of a spin-zero neutral boson field g, with g >g+x. The invariance 
of the free boson Lagrangian L, requires the boson to be massless otherwise 
one has to have ep=0! which makes the transformation trivial. Further 
one has to introduce the non-linear interaction term (in @) 


(3) L, = mypyleos (2fg) — 1] — impysy Sin (2f@) , 


making (L+L,+L,) invariant under (2c) and g-+-9+x. Invariance under 
parity requires g to be pseudoscalar. The transformation (2d) would permit 
the field @ with gradient coupling terms in addition to L,: Renormalizability 
would rule out (2d) and possibly the transformation (2c) because of the non- 
linear terms in (3). 
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2°2. Isotopic space. — In the case of a fermion isotopic spin doublet y the 
possible infinitesimal gauge transformations as discussed in I, are 


(4a) yp = (1+ ig T'a)y. 

(4b) > (1+ ig t-a(a,))y , 
(4e) > (1 + igys T'a)y, 
(4d) —> (1+ igys T'a(x,))y , 


where in (4a) and (4c) « is constant with respect to space time. The invariance 
under transformation (4a), of L,, expresses the conservation of isotopic spin 
while the other three require the introduction of a spin zero boson field , 
with g —g—+ax, and its coupling terms to y. The transformation (4b) gives 
vector coupling, (4e) gives only pseudoscalar while (4d) gives both pseudoscalar 
and pseudovector coupling terms. The restrictions placed on « for the various 
couplings are given in I. 

The criterion of renormalizability will disallow vector and pseudovector 
couplings (*) given by the transformations (4b) and (4d). Thus, our approach 
yields a pseudoscalar pion field and only its pseudoscalar coupling to the fer- 
mion doublet. The gauge is restricted by the condition «:y — 0, in isotopic 
space (**). In the « doublet approximation » (D.A.) one could generate, in ge- 
neral, a different isotopic vector field for each baryon doublet. In particular, 
we take all four to be identical to the known pion field as indicated by 


experiment. 


2°3. H-space. — The gauge transformations in the three-dimensional H-space 
are exactly analogous to those in isotopic space given by (4) except that y 
is interpreted as a doublet and « a rotation in H-space. The components of 
the H-vector spin zero boson fields generated can be interpreted as the usual 
K-meson fields (see Section 3). 

The nature of the coupling can be again determined to be pseudoscalar 
by the requirement of renormalizability of the interactions. In the next section 
we consider only the transformation in H-space which corresponds to (4c) so 
as to satisfy the criterion of renormalizability. 


ae 


(*) J. HAMILTON: The Theory of Elementary Particles, p. 292 (1959). 

(**) If we attempt to remove the restriction and still demand invariance then one 
is led to a massless isotopic vector field with non-linear interaction terms as in (3) 
with 9 replaced by g and with 7, between the y’s, in the sine term. 
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8. — Generation of K-meson interactions. 


We have seen that the gauge transformations in charge and isotopic spaces 
essentially yield only the electromagnetic and the pion fields. From the dis- 
cussion in Section 2, it is clear that to generate interactions between two fer- 
mion isotopic doublets we would require gauge transformations which are 
associated with rotations in some new space. 

Consider a three-dimensional Euclidean space H in complete analogy to 
the usual isotopic spin space. In H-space baryon spinors are constructed with 
respect to the hypercharge U (= sum of baryon number and strangeness), 
while in isotopic space the spinors are constructed with respect to the electric 
charge Q. The transformations in H-space are exactly analogous to those in 
isotopic space given by (4) except that y is now to be interpreted as a doublet 
and « a rotation in H-space. We will only consider the transformation (in 
H-space) which corresponds to (4e) so as to satisfy the criterion of renorma- 
lizability. 

Let N, (i—1, 2, 3, 4) denote the four baryon isotopic doublets in the nota- 
tion of PAIS (4). Now, N, has U=1, N, and N, have U=0 and N, has 


U==—1 so that we can construct the four following spinors in H-space: 
N, ING N, iN, 
(5) (07) = ), = D, = VSS 
1 N, > Va N, » Vs N, » Va N, 


The free Lagrangian density for the baryons may be written, in terms of y; 
as L= LP +LŸ, where 


4 4 
Fg Du = e 0, P= 2, PY) 


i=1 


(6) and 


4 4 
(OY = ON oe = 
Ly = DL, =— gm > Pir 


i=1 i=1 


Thus we assume all the baryons to have the same mass «m». Note that the 
4 

axtra factor alt i (2) (1) je nreg \ N 

extra factor one half in L,” and L,”, is present so that LZ? reduces to — m > N, N, 
i=1 

20 TE x (1) : . . ae . . 
and similarly for Li. Also, L, is invariant under rotations in H -Space by con- 
struction. 


(*) A. Pais: Phys. Rev., 110, 574 (1958). 
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In complete analogy to isotopic space we require the invariance of L, under 
the infinitesimal gauge transformation 


(7) pi > (14 ipsfio°B)y: 


in H-space, associated with a rotation characterized by B. The f, (¢=1, 2,3, 4,) 
are real numbers and o are the 2x2 Pauli matrices in H-space. Bold face 
letters will denote vectors in H-space. We take f to be constant in space- 
time as afore mentioned. Then demanding the invariance of L under (7) it 
is necessary to introduce a spin zero H-vector field B(w,) = (BY, BY, BY) 
different, in general, for each doublet y; which ‘transforms as 


(8) BO > B® +6. 


Further one introduces the interaction terms 
4 

(9) L,=imYfwy,0:B®y,. 
i=1 


Then (L+L,+L,) is invariant under (7) and (8) under the restriction 
(10) Bebe 


in H-space. L, is the sum of the free Lagrangian densities of the fields B°®. 


The particular case that all the B® be identical is not possible if charge is to 
be conserved (see below). We consider the particular case Bj = B® = B 
and B® — B = B' then expanding L, in terms of N,, we have (*) 


4 — pes si _ 
(11) L, — im > N, Vs0iNit {im[f:NysV2 B,N, + fNsysV 2 BsNa] te 
ua AT = I AT a I 
+ im[fNy;V2B,N,4 file ve V 2 BEN] +h. c.} 


where 
DUB LB), o LB, Pb), 


12 Y ; 
a (eS (f2B3 — f3B3) , Ot a (LB: fale) 


It is clear that the conservation of the hypercharge (invariance under rota- 


(*) We take ha 


and define 
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tions about the ¢-axis in H-space) fixes that U— +1 for B, and Ba while 
U=0 for B, and B,. Further, the conservation of charge requires that Bb, 
be neutral and that B, be positively charged. Moreover, since L, should con- 
serve isotopic spin the simplest structure, with respect to isotopic space, which 
the components of B and B’ can have is that they be isotopic scalars. Thus 
if we identify B, and B', with the K° and K*-meson fields respectively then L,, 
apart from B, and B, interactions, yields the usual K-meson-baryon inter- 
actions in the doublet approximation of the baryons. 

The B, and Bi represent two neutral isotopic scalar boson fields with zero 
hypercharge and same mass as the K-mesons. Of course, in particular, we 
could take them both to be identical. The components B, and B, could be 
taken to be zero if we restrict the B to be perpendicular to the ¢-axis in 
H-space. The existence of the fields B, and B, can only be decided by exper- 
iment. The interesting feature though is that the strength of the B, and B, 
interactions are determined by the four K-meson-baryon coupling constants f.. 
Of course the pionic interactions generated via the infinitesimal transformation 


Nie > (1+ 19; T° ay5)N; (î=1, 2,3, 4), 


in isotopic space give another four coupling constants. 

To be able to go over from the interactions obtained above in the « doublet 
approximation » to charge independent interactions in the Gell-Mann—Nishijima 
scheme one requires g == 93, f1 = f; and f,=f,. The five independent con- 
stants left are still sufficient in number to explain the observed mass-diffe- 
rences between the various baryon isotopic multiplets. 


4. — Conclusion. 


We have seen that using the principle of generalized gauge invariance it 
is possible to generate the strong interactions in the D.A. of the baryons from 
the free baryon Lagrangian. 

The pionic interactions are obtained through invariance under gauge trans- 
formations in isotopic space and have four independent coupling constants. 
The K-meson interactions are obtained through the invariance under gauge 
transformations in H-space and also have another four coupling constants. 
Further, we require all the baryons to have the same bare mass «m» and 
the same intrinsic parity. In principle, it is possible to obtain vector, pseudo- 
vector and pseudoscalar couplings between the mesons and the baryons. The 
criterion of renormalizability permits only the pseudoscalar coupling. Then 
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invariance under the parity transformation requires both the pions and K- 
mesons to be pseudoscalar with respect to the baryons. 


I am very grateful to Drs. B. BANERJEE and S. N. Biswas for helpful 
comments. 


RIASSUNTO (*) 


Si propone il principio della invarianza di gauge generalizzata allo scopo di intro- 
durre i campi bosonici e le loro interazioni con i campi fermionici solo richiedendo 
l’invarianza del Lagrangiano del fermione libero rispetto alle trasformazioni di gauge. Se 
poi si fa della rinormalizzabilità un ulteriore criterio fondamentale cui le interazioni (otte- 
nute tramite le trasformazioni di gauge generalizzate) devono soddisfare, allora si pos- 
sono ottenere le interazioni forti mesone-barione con solo accoppiamento pseudoscalare. 


(*) Traduzione a cura della Redazione. 
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(La responsabilita scientifica degli scritti inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


On the Possible Generalizations of Planck’s Law. 


M. STRAUSS 


Arbeitsgruppe fiir Grundlagenforschung der Theorie der Teilchen und Felder 
Forschungsgemeinschaft der Deutschen Akademie der Wissenschaften zu Berlin 


(ricevuto il 16 Luglio 1960) 


The present theory of quantized fields, involving only the two universal con- 
stants and €, is incapable of explaining either the mass spectrum of the funda- 
mental particles or the values of the coupling constants. For these and other 
reasons it is generally agreed that a third dimensional constant / has to be intro- 
duced in fundamental theory. There is no agreement, however, how this should 
be done. Besides non-linear fields, /-quantization of space-time, non-localizable 
fields, and non-canonical quantization have been proposed, to name but the more 
promising suggestions. In this situation it is clearly desirable to find a problem 
that can be treated without a priori commitment to any special form of h-c-l-theory. 

Such a problem is the spectral distribution of energy in black-body radiation 
which can be solved, within certain limits, by applying the principles of thermo- 
dynamics, adiabatic invariance, and correspondence principles that can be relied 
upon to survive the transition from the present theory to the future h-c-l-theory. 
By «correspondence » we mean the requirement that the generalized distribution 
law degenerates to the Planck law for 1—0. 

Apart from the intrinsic interest that attaches to the question as to the gener- 
alized form of Planck’s law in h-c-l-theory the solution of this problem provides 
a theoretical criterion to be satisfied by any proposed form of h-c-l-theory. It will 
also contain some hints as to the direction in which the generalization of the present 
theory is to be looked for. 


1. — We first wish to point out that Wien’s displacement law can no longer 
be relied upon to hold in the generalized theory. Indeed, with the abbreviations 


hv l v 
1 pe ==" I e — 
(1) ST y ae 
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for the two dimensionless variables we have, from dimensional analysis, 


h-e-theory h-c-l-theory 
veh veh 
(2) Cr Deets itis Oe Ey ae F(a, y), 


where A is a number and f and F are numerical functions. The first of these for- 
mulae, which contains Wien’s displacement law, is clearly equivalent to the state- 
ment that y is identically zero, i.e., that /=0. As a matter of fact, instead of Wien’s 
displacement law, or the equivalent diff. eq. 


30 — vo, — Toy = 0, 
one obtains (1) 


(3) ell + G@—g— yg, —TG,] — gre, —GT op = 0. 


Here, G and g are two unknown functions, defined by 


dv SV : 4 7 ce 

(4) — =— g(y) = [for adiabatic expansion], 
v 

and 

(5) nv, T) = G(a, y) o(v, T) 


€ 


n(v, T) is the spectral density of pressure corresponding to g(v, T). Eq. (3) contains 
all pure thermodynamics can say about our problem. It is only from the field 
equations that the functions g and € can be determined, apart from 


(6) g(0) = 4 and Gia, 0) = 


as required by correspondence. We shall, however, assume that G is independent 
Ole 1s 1.6. 


(7) C=C, =O 
This means that we neglect any possible interaction between quanta belonging to 
different frequencies, so that we still have a semi-ideal gas. Even if (7) should turn 


out not to hold exactly, we are, for theoretical reasons, primarily interested in the 
behaviour of quanta belonging to the same frequency. 


2. — The final result obtained by using the postulates mentioned above reads (1) 


7 Srrvèxes lol 
(8) BT) st exp [hol RT 1 


(:) For proofs see M. STRAUSS: Monatsberichte der Deutschen Akademie der Wissenschaften zu 
Berlin, vol. 2/7, 412 (1960). 
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with 
y 
alt ene dy’ 
(9) x = x[g](y) = (3y%g)-* exp ol 
o 0 
y 
dy’ y 
(10) T'= Tfy](y) = y” exp yi? y = =. 


0 


Thus, J” depends only on the ratio of the two unknown functions g and G. Hence 
it is possible that 7=1 without g and G being constant (and hence both being 
equal to the «classical » value 1); the condition for this to be the case is simply 
g(y)=G(y). This, then, is the minimum generalization as far as our problem is 
concerned, but it is not the simplest one from a more general point of view, and 
hardly the one to be expected (*). The general case where J’ does depend on y will 
be discussed in a forthcoming paper. Here, we merely wish to point out that Bose 
statistics is preserved in the generalization (8). This may be taken as an indication 
that the notions of spin and statistics and their well-known inter-relation are not 
restricted to the present form of quantum field theory — an inference that is 
strongly supported by the extension of Pauli’s theorem to interacting fields proved 
by various authors (?). 


(*) Note added in proof. — M. Born, in a suggestion for unifying quantum theory and general 


relativity, obtains a generalization of Planck’s law identical with the special case x(y) = 1 IVA — y?, 
T(y)=1. However, since in this special theory v (which corresponds to Born’s constant b) is clearly 
the maximum frequency of an oscillator one is not allowed to use the familiar partition function 
of an oscillator of unrestricted energy [Born’s eq. (29)]. If the correct partition function is used, 
I turns out to be a non-analytic function of y. Cfr. M. BORN: Proc. Roy. Soc., A 165, 291 (1938). 

¢) G. LÜDERS and B. ZUMINO: Phys. Rev., 110, 1450 (1958); also N. BURGOYNE: Nuovo 
Cimento, 8, 607 (1958). 
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Istituto di Fisica dell Universita - Bari 
Istituto di Fisica dell Università - Padova 
Istituto Nazionale di Fisica Nucelare - Sezione di Padova 


(ricevuto il 17 Settembre 1960) 


A stack of 70 sheets of (20x15x 
x 0.06) em Ilford G-5 emulsion was ex- 
posed to K~-mesons of 1.16 GeV/e mo- 
mentum. The separated K beam from 
the Berkeley Bevatron was designed and 
built by Goop and Ticxo for the Al- 
varez hydrogen bubble chamber. The 
stack was exposed behind this chamber 
during its operation. The beam com- 
position given by the Alvarez bubble 
chamber groups (1) is: 


AIS = 2 LS Re 


In order to investigate the K nuclear 
interactions, we made a track following 
scanning with the purpose to have an 
unbiased sample of interactions, and 
also an attenuation measurement in order 
to define the beam composition in the 


mre 


(*) A. Carorro and A. FERILLI, Institute 
of Physics, University of Bari, wish to aknow- 
ledge the C.N.R. for a rescarch grant. 

(1) L. W. ALVAREZ, P. EBERHARD, M. IDE 
Goop, W. GRAZIANO, H. K. TICHO and $8. C. 
WOICICKI: Phys. Rev. Lett., 2, 215 (1959). 
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stack and consequently the m.f.p. for 
negative K. 

A total of 225 inelastic interactions 
were found on 128.5 m of track fol- 
lowed near the entrance part of the beam. 
Fig. 1 gives the prong distribution of 
these interactions. Assuming the above 
beam composition, it turns out that the 
m.f.p. for nuclear interactions for nega- 
tive K~ should be ~ 16 cm. 

The attenuation measurement was 
made by counting the interactions at 
different distances from the entrance of 
the beam: the stack was divided into 
four sections and an area scanning me- 
thod was employed. We counted only 
stars with primaries making an angle 
<5° with the beam direction. By em- 
plyoing the usual procedures the scanning 
efficiency was found to be uniform. 

The result we obtained for the mix- 
ture of interacting m and K™ is 
(see Fig. 2); 


A= 30 +3 cm 


the geometrical losses as well as the 
nuclear and the Coulomb scattering were 
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taken into account. The error quoted 
contains the statistical error only. 


® frequency 


25 


20 


15 


0 E e ENT ER 
Ol 2 D LRO TR ON he Te 


n. of prongs 


Fig. 1. — Distribution of the prongs of the 225 


KT stars. 


A further confirmation of this result 
was obtained by making a second track- 
following scanning 14cm apart from 


the one already mentioned. In the se- 
cond region 42 events were detected 
along 30.7 m of track. On the basis of 
the above numbers of events the com- 
puted m.f.p. for the x- and K™ mixture 
evaluated by taking into consideration 
the correction arising from nuclear scat- 
tering, has been found to be A=294 cm, 

It follows that about 50% of the 
beam is due to K~ and 7--particles. This 
result apparently supports the conclu- 
sion that the contamination due to 77 
in our stack is larger than that quoted. 

Assuming the m.f.p. for nuclear inter- 
actions of the x to be 35 cm (2), the 
ratio of the = to the K results 3:7, 
and the Zx- turns out to be about 28 cm, 
a figure which is in agreement with a 
total o K~-nucleon of the order of 50 mb. 

Following the preceding consider- 
ations we attribute to the K~ the 70% 
of the 225 inelastic interactions found 
by the track following scanning. 

Table I gives the number of the dif- 
ferent types of events in which one or 
more unstable charged particles are 
emitted, independently from the asso- 
ciated stable particles. 

Vhe figures quoted take into account 
the correction factors, which are indicated 
in brackets. These correction factors 
were evaluated by considering the geo- 
metrical losses as well the losses due to 
Ko and = captures with zero prongs. 

From the above quoted figures it 
results that: 


1) The probability for an inter- 
acting K to be re-emitted is ~0.2. 


2) The probability of the emission 
of a charged X is ~0.15+.04. 


3 The probability for an inter- 
acting K~ to produce a x, without ab- 


() J. C. Brisson, J. DETOEF, P. FALK- 
VAIRANT, L. VAN Rossum, G. VOILADAS and 
LUKE C. L. YUAN: Phys. Rev. Lett., 3, 561 (1959) 
H. C. BURROWES,. D. O. CALDWELL, D. H. 
Prisca: D A, Hr, 2D. ME RITSONS Et Ae 
ScHLUTER, and M. A. WAHLIG: Phys. Rev. Lett., 
2, 119 (1959). 
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TABLE I. — Summary of the analysis of 225 stars. 


| With stable | 


With unstable particles arising from the stars 
prongs only 


HF | noue | 


>}; | | | 
ied DI ER ir 
7 | il Sh AS | € | 
iper e KO TR Seal eee | or Gok or Gok | © | ee Bess | 
| | | | | 
number | 31(4) | 7 |14(3)| 5(1) | Ta gs | 1 46) 6 1h 


| 


| stars certainly due to K~ interactions | | 


400 


300 


n? of interactions 


100 4 4 4 — 46 —_+—_____ 


18 
Distance cm 


DI 

D 
DE 
Sì 
= 
L= 


Fig. 2. - Number of interactions at different distances from the entrance of the beam. The full 

line represents the best fit of the experimental data; the dashed one is the best fit corrected for 

geometrical losses and for nuclear and Coulomb scattering. The ocom was obtained using 

Rutherford’s relativistic formula with a suitable form factor for the charge distribution calculated 

using the Born approximation. The opycear Was Obtained using the Born approximation with an 
attractive potential depth of 25 MeV, and r=r0 4! with ry=14-10-" em. 


sorption of the K_, is at least 0.20 at helped to make the experiment possible 
our energy. ee by exposing the stack, namely Profes- 
sors M. Goop, H. Trcxo, U. CAMERINI, 
W. F. Fry and D. J. Prowse. We are 
also thankful to Professors N. DALLA- 

FAO PORTA, M. MERLIN and Dr. PATERGNANI 
We would like to thank those who for illuminating discussions. 


4) The cross-section for & hyperon 
production is probably small. 
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Dispersion Relation Analysis of P-Wave K-Meson Nucleon Scattering. 


W. ALLES 


Service de Physique Mathématique, Centre d’ Etudes Nucléaires - Saclay 


(ricevuto il 2 Dicembre 1960) 


1. — Introduction. 


Several recent experimental results suggest the existence of possible predom- 
inant states in KN and K.V P-wave scattering. The presumably P-state x-meson 
A-hyperon resonance found in production experiments (1), if the K-meson is pseudo- 
scalar (scalar) implies a 7=1 P(S)-wave resonance in the unphysical region of 
K.N scattering. Analysis of K*p and Ktd scattering in hydrogen and deuterium 
filled bubble chambers at energies from 50 to 315 MeV (2), confirm previous emulsion 
results (3) which showed no 7=1 P-wave scattering and appreciable T—0 P-wave 
seattering. 

The success of the now classical CHEW, GOLDBERGER, Low and NAMBU (4) anal- 
ysis of low energy pion nucleon scattering suggests an analogous study of the 
K-meson nucleon case. | 


2. — Dispersion relations and discussion. 


We write the S matrix in the usual way: 


Tu, 


(aa 
/ N2 
(1) S = Ô,, —(27x)t 104(p'’4+ g'—; = 
Oi (2x) 10 (p + q'— p o |/ LEB oo" 


and the 7-matrix in the invariant amplitudes decomposition 


bo 
— 


T = — A(r, k*) + iy-Q Bo, &), 


(UM L. Goop: Tenth Annual Conf. on High Energy Nucl. Phys. (Rochester, 1960). 

“) 5. GOLDHABER: Seminary at Ecole Polytechnique (Paris, November 1960). 

(@) M. A. MELKANOFF, D. J. Prowse, D. H. SrorK and H. L. TrcHo: Phys. Rev. Lett., 
108 (1960). 


RG. Ee Cumwe Mate GOLDBERGER, F. E. Low and Y. NAMBU: Phys. Rev., 106, 1337 (1957). 
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with N being the nucleon mass, p, p’, E, E’, nucleon initial and final 4-momenta 
and total c.m. system energy and q, q', w, ©’ the same for the K-meson. 

We can write unsubtracted dispersion relations for the invariant amplitudes A 
and B, if they vanish strongly enough at infinity 


Gn A—N pr Gry ZEN P[ImA(, k)d 
om Red) pr 2 = = red, {Pee ) dy’ 
2N y+ vp anal, 2 


> Im A?(y', k?) | 
Ale Opp oa dy’, 


12 v 


y—yY 


2 2 
g 1 Ir 1 P [Im B’(y', k? 
Robi Pit. pit I 
2N v4+vy 2Nv+rvs a v—y 
1 Im B7 (v’, k2) | _ 
— — DI Oa! - : — dy’, 
Tr | m DE Wy 
dl SA NE a NM nl 
(5) Re A%(v, k?) = — PI x zs 2 Lei dy’ + 
2N v—v\ 2N v—yp x v'— y 
Im A? (y’, k2) ! 
+ = - dy’ 
SD di v'+v i 
a NA TS NI P [Im B%(', i? 
esp y= PI È SR E 
_2Nv—vx + 2N y— vy T y'—y 


pi fe Im BT(v', k?) 
= DI cogne, 
TG} “a Dp 


{the bar meaning anti-K). 

With »v=—P-Q/N and k?=3(q—q')?, P and @ being P=4(p+p’'), Q=4 (q+ q'). 
We assume the same intrinsic parities for A and =-hyperons and a negative K-meson 
hyperon parity and we take the usual isotopic spin assignments 7(K)=7(N)=3}, 
T(A)=0 and T(r)=T(x)=1. Note that, contrary to the pion-nucleon case, the 
Born approximation does not vanish for the A amplitudes because it is proportional 
to the mass differences between the initial nucleon and the intermediate one-particle 
state (hyperon) leading to the pole term. The pole coefficients PA y, Pi x charac- 
teristic of each KW, K.W isotopic spin state are: 


T=0 T=1 T=0 T=1 

[PA dla = (E ang 7 0 

(7) T HE G 
|P£ QAS ere PE ey 


and the crossing matrix «pp: 


boa Nie 
Nm poles 


(8) trp! = & | . TETE OT IS 
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From eq. (3) to (6) one obtains in the standard way introduced by CGLN ({) dis- 
persion relations for the partial P-wave amplitudes h,,,(m), defined as 


exp lid,5,] Sin res 
È D e È 


(9) hip 27 (®) = 


« being the total ¢.m. energy W minus the nucleon rest mass and q the c.m. mo- 
mentum of K-meson and nucleon. In the static limit, neglecting. the hyperon- 
nucleon mass differences they reduce to (5) 


A ‘Ri Im h,( Im hat ') 
10 Re 7 2 pokey al da ENR A 
no Sto) O sb wo'— © eae JR o' + w 
a È ImA, (@ By Im hg(w') | , 
Re 7 == da’ À ,p ————— do, 
et WC o) F =/* w'— w ae 10 | A wo’ + w 


x, B running from 1 to 4 as the states (7, 2J) run through 01, 03, 11, 13. The Born 
approximation coefficients are 


EN 2 
- (8+4 fs 
EN 0 
€ 2 i 
(12) ha = +287) ire 
22 


— + (5 + fh) 


HEC Ih) 0 
2 IE 
ANS (2N)2 , 
and the crossing matrix 
1 —4 — 3 12 
* f (a Piz — 1 6 3 
ety, ce dpt 4 
2 1 2 1 


The one-dimensional dispersion relations from which we started lead to a fairly 
simple picture of the analytic behaviour of the P-wave amplitudes in the complex 
© plane. There are only a pole at the origin corresponding to the Born approx- 
imation and two cuts corresponding to the physical regions of the direct and crossed 
reactions. Double dispersion relations, taking also into account KK—xz reactions 
lead to a more complicated disposition of the singularities which in the case of 


(*) P..K. Roy: Phys. Rev. Lett., 2, 364 (1959), starts from eq. (10) to (13) but due to errors 
in the initial equations arrives to no possible 7=0 K.N° resonance. 
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zero KK77 interaction give our singularities distribution as a good approximation (5). 
The double dispersion relations approach leads among other singularities to a 
cut from w = — co to w= m—{M— / M2 - - y? + m — Vim? — 2} due to the reac- 
tion KK -77, that is by far the nearest singularity to the physical region. 

The contribution of this cut has been assumed by FERRARI, PUSTERLA and 
FRYE (7) to give rise to the «anomalous» low energy behaviour of K p elastic 
scattering. Nevertheless, it has been shown by Amati, GALZENATI and VITALE (8) 
that this behaviour is predicted by one dimensional forward scattering dispersion 
relations with no contribution of intermediate mz states taken into account. Thus, 
we hope there is no great error in neglecting the xx cut in the complex © plane. 

We have also neglected, only for simplicity sake, terms in 1/N in eq. (10) 
and (11), this does not affect the qualitative features of our results. 

Eq. (10) to (13) are the starting point for the discussion of possible resonant 
states in scattering problems. From (10) one obtains immediately an effective 
range type formula: 


À DIN AE? jf Veer (Co Ih ff Im h(a! 
(14) Re h,(@) = sf È ( prey Chay te = DI A xB ze tao da’ | 
| À, : 4 TT B 


tO) TT @'— ow o’+ oa f i 
or 
1 sin 20 (©) À 
(15) = a (Ue r,@) 
> he tO) 
with the effective range for the phase 0, 
1 (P {Im A,(w) Io Im hg(w') …, 
(16) pa RS | > ale dw'+ - > Aa B dw | : 
78 la O—- © ut) B DO | 


and 7, the scattering length. 

The most probable candidate for a resonant state will be the one with the 
largest positive scattering length and effective range. 

For the K.VW states we shall not consider (11) for the discussion of the possible 
K.N° resonance but rather assume the K.N resonance induced by the T=1, J=? 
Ar resonance (!) known from production experiments and try to discriminate 
its unknown J by analysis of its influence on K.N° scattering. A glance at eq. (12) 
permits us to distinguish immediately two different cases depending on the relative 
strength of KA.N and KE.N couplings. 

First, let us assume ft </7/3, then from (12) we see that only IN states (01) 
and (13) lead to positive scattering lengths. Furthermore, we notice that in this 
case, 71<Z,3, the Born approximation thus favoring always the 7-1, J=} KW state. 
This situation can only be changed if the crossed integral is important. A T=1, 
J=} K.N resonance would still favor the (13) KW state, while a T=1, J=3 KN res- 
onance would strongly favor the (01) A.W state due to the large crossing coeffi- 


cient À (50419 = 2. mens 


(6) S. W. MacDowezz: Phys. Rev., 116, 774 (1959). 
(7) F. FERRARI, G. FRYE and M. PUSTERLA: Phys. Rev. Lett., 4, 615 (1960). 
(8) D. Amati, E. GALZENATI and B. VITALE: Nuovo Cimento, 12, 627 (1959). 
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‘In the case, à > fA/3, we also have two positive KV scattering lengths, that 
is, in states (03) and as always (13). The relative magnitude of the (03) and (13) 
scattering lengths depends on the relative magnitude of the AK.N and =K.V 
coupling constants, fi =f} implying 713 = ls. In the case of equal AK.N and 
XKN couplings, the scattering lengths being equal. Again, if we want a predomi- 
nant 7=0 KW state we have to assume a large crossed integral contribution and 
from (13) we notice that the crossing matrix always favors a T=0 KW state 
if a T=1 KW state is predominant. The situation is slightly more favorable 
for a (11) K.N resonance than for a (13) K.N resonance. 

Resuming, our analysis is not inconsistent with a 7=0 K.N resonance and a 
T=1 KN resonance. Depending on the relative strength of KA.N and KZN coup- 
lings we prefer a J—1 K.N resonance and a J=3 K.N resonance in the case fi < f\/3 
and a J=% K.N resonance and J=+ (but not excluding J—3) K.V resonance in the 
fe>f/3 case. 

Kk Kk OK 


I am most grateful to Prof. A. Musstan and Drs. M. JACOB, R. Omnis, A. STAN- 
GHELLINI and R. SrorA for many useful discussion and advices. 
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Extremely high permeabilities (of the 
order of 150000 to 300000) were already 
obtained in iron many years ago by 
CIOFFI (12) by means of a long annealing 
in pure H, at 1480°C, that is, just 
below the melting point. 

The main effect of this treatment is 
the elimination of all the non metallic 
impurities, carbon, nitrogen, oxigen and 
sulphur, that could produce precipitated 
particles. Another obvious effect is that 
of greatly increasing the grain size and 
eliminating all internal strains. 

This high permeability, however, is 
not always reproducible. In some cases 
the values obtained are, for some obscure 
reason, low even if in the specimens it 
must be excluded that the process of 
purification in hydrogen is somehow 
incomplete. 

This paper refers to some experiments 
undertaken to clarify this point. The 
intent is to examine whether the non 
exceptional magnetic characteristics ob- 
served on some samples could be referred: 
to the presence of subgrain structures 


(1) P. P. CIOFFI: Phys. Rev., 39, 363 (1932). 
(2) P. P. CIOFFI: Phys. Rev., 45, 742 (1934). 


inside the crystals. In the experiments 
referred to herein, it has been 
that these substructures are essentially 
formed at the y=« transition during 
the cooling of the sample. It appears 
that they can be eliminated with great 
difficulty even with prolonged annealing 
at 880 °C, just below the transformation 
point. The manner in which the presence 
of substructures in an otherwise perfect 
crystal contributes to lowering the per- 
meability of iron even to a large extent, 
can be readily understood on the basis 
of the theory of VICENA (*) on the in- 
fluence of dislocations on permeability. 
In fact this theory demonstrates that 
the coercive field is proportional to the 
root of the density of the dislocations 


shown 


present. 

A first series of experiments was 
carried out on samples of Armco iron 
and electrolytic iron melted in H,, and 
a second series on samples of very pure 
iron reduced in H, from iron oxide and 
melted in H, in pure syntherized alumina 
crucibles. Pure iron oxide was prepared 


(5) F. VICENA: Czechosl. Journ. 


4 (1955). 
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by extraction of ferric chloride from acid 
solutions with isopropylic ether (1), pre- 
cipitation to hydroxide and calcination. 

The presence of substructures was 
determined in each sample on the back 
reflection Laue diagrams. The X-ray 
observations were correlated to the results 
of magnetic permeability measurements. 
The specimens for magnetic measure- 
ments were rings with average diameter 
of 20 to 30 mm and a section of 15 to 
25 mm?. The thickness of the rings was 
always above 3mm to reduce the in- 
fluence of surface effects, which con- 
tribute to noticeably decreasing the per- 
meability, as Crorri (1) already pointed 
out. The Armco iron specimens T 31 A 
were annealed at 1480°C for 18 h in 
dry H, (dew point 60 °C). Nitrogen 
in the eliminated by 
The specimens 
were then cooled slowly and maintained 
at 880 °C for 12 h. After such treatment 
they were generally composed of some 
X-ray measurements 
were carried out directly on the rings 
and repeated each time on several 
The pure iron specimen from 
examined after a 
880°C tor 18ihe 
After this treatment maximum permea- 
bility in this sample had already reached 
201,000. After a subsequent treatment 
in He at 1470°C for about 20 h; per 
meability dropped to 66500 due to the 
fragmentation of the crystals into finely 
divided subgrains slightly misoriented to 
each other. 

After treatment at 1480 °C, the pu- 
rity of Armeo iron samples is markedly 


hydrogen was 
passage on Mg at 500 °C. 


10 large crystals. 


crystals. 
oxide was initially 


simple annealing at 


improved., A typical analysis of a sample 
cave: © 0.00497. 5010043 °°. N= 
—0.0001% plus metallic impurities Mn 
ete. about 0.03%. Nitrogen and carbon 
were dosed by internal friction methods, 
while sulphur content was measured with 


(4) R. W. DODSON, G. J. Forney and 
E. I. SWIFT: Journ. Am. Chem. Soc., 58, 2573 
(1936). 
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an analytic method suggested by LUKE (?). 
The analysis of the sample of iron reduced 
from oxide gave 


C—0.0014 %; S=0.001%; N =0.0001%. 


Micrographs revealed complete absence 
of any type of precipitate. 

The first results obtained are col- 
lected in Table I: maximum permea- 
bility is correlated to the presence of 
substructures in the crystals as evi- 
denced by the fragmentation of the 
Laue spots. 

Two examples of permeability curves 
together with the related Laue figures 


are shown in Figs. 1 and 2. The exist- 


5 


N 

= 

n © 

Oo © 

TT | 
| 


Permeability, Lr°10 ° 


> 
(©) 


0 1 2 3 4 5 6 H 
Magnetic field, A/m 
Fig. 1. — Electrolytic iron sp. T 26 A. Permea- 
bility vs. magnetic field. Curve 1 specimen 
without substructure corresponding to the Laue 
diagram in Fig. 2a. Curve 2 specimen with 
substructure corresponding to the Laue diagram 
in Fig. 2b. 


ence of good qualitative correlation be- 
tween fragmentation of Laues pots and 
permeability appears evident. Therefore 
this fragmentation of the crystals into 
subgrains seems to be the cause of the 
poor results that can sometimes be 


(*) G. L. LUKE: Ann. Chem., 21, 1369 (1949). 


pel) 
[=] 
oO 
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Fig. 2a. — Laue pattern of specimen T 26 A annealed 87 h at 
1470 °C in hydrogen. Mo target, no filter, distance 3.5 em *1.5, 
substructure absent. 


Fig. 2b. — Laue pattern of specimen T 26 A annealed (18 + 8) h 
at 1470 °C in hydrogen. Mo target, no filter, distance 3.5 em 1.5, 
substructure present. 
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observed in the preparation of iron spe- 
cimens of very high permeability. 


Heat 


1470? 
880° 


+ 5 950° 


THE FORMATION 


OF 


of the following ones. 
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It also 
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appears 


that once substructures are formed, they 


Fragmentation of 


the spot on the 
Laue diagram 


very light 


severe 


T 31 A (Armco) 


213 B 
(Electrolytic) 


+20h 1470° 
+24h 880 


18 h 1470° 


severe 
severe 


+15h 880° 
20 h 1470° 
880° 


+24 h 


no 


Maximum 


permeability 


118.000 


60.600 


102.000 
102.000 


32.400 


171.000 


2 passages « = y severe 99.000 
+ 66h 880° | 
26 A"(*) 18h 1470° no 195.000 
(Electrolytic) +12h 870° | 
Se] CORE ere dd FAI SE 
SS he 4709 | medium 101.000 
+12h 8s70° | 
li S7h 1470 no 330.000 
) -12h 570$ | 
| = — — —_ = -— == - 
T-36 À (**) 18h 880° | no 201.000 
(from Fe,0;) — —— È —r__rr—c ee 
19h 1470° severe 74.000 


19h 


(*) Electrolytic pure iron induction melted in vacuo in sinterized Al,O; crucible. 
(**) Pure iron from ferric cloride extracted with isopropilic ether, calcined to Fe.0; and 
| reduced in pure dry H, at 600 °C, melted in H, in alumina crucible and cooled in the erncible. | 


An important fact to be stressed is 
that often the fragmentation seems not 
to occur during the first cooling of 
the specimen but much more during one 


are extremely stable and cannot usually 


be eliminated neither 


with 


prolonged 


annealing at 880°C nor by repeating 


the treatment at 1480 °C. 


Substructures 
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appear to be easier to form and more 
stable in pure iron reduced from oxide, 
as the results obtained with sample 
36 A prove. These observations seem 
to be in close relationship with a si- 
milar observation made by TALBOT ($) 


(5) J. Tanpor: Colloque International sur 
les métaux de très haute pureté (Paris, Oct. 1959). 


G. MONTALENTI and C. SARI 


that polygonization in pure iron oc- 
curs much more rapidly and is very 
stable. 

Further research work should how- 
ever be carried out in the future to 
better clear the mechanism by which 
substructures depend upon purity of the 
material used and the way in which 
transformation occurs. 
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The purpose of this note is to give 
an abstract of some new results (1) 
concerning the influence of the nucleus 
Coulomb field on the internal brems- 
strahlung phenomena associated with 
B-decay. 

As is known, large discrepancies 
between experimental data and the 
theoretical predictions due to KwNIpp 
and UHLENBECK and to BLOCH (?) ap- 
peared in the recent experimental results 
obtained by STARFELT and SVANTES- 
SON (3) and by LANGEVIN-JOLIOT (4). 
One might immediatly think that those 
discrepancies would be connected with 
the fact that, in their calculations, 
Knipe, UHLENBECK and BLocx neglected 
the influence of the final nucleus Coulomb 
field. 


(*) On leave from «Laboratoire de Phy- 
sique Nucléaire de la Faculté des Sciences », 
Orsay (S. et O.) where this work had been done. 

(:) R. VixH-MAU: These (Paris, 1960). The 
details of these rather lengthy calculations will 
be published elsewhere. 

(?) J. K. KNIPP and G. 
Physica 3, 425 (1936); F. BLocH: Phys. Rev. 
50, 272 (1936) (referred to as KUB). 

(3) N. STARFELT and N. L. SVANTESSON: 
Phys. Rev., 97, 708 (1955). 

(‘) H. LANGEVIN-JOLIOT: 
2, 16 (1957). 


Ann. de Phys. 
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Several authors (5%) have already 
dealt with the Coulomb effects in the 
radiative G-decay processes. But in 
order to keep their calculations in a 
fairly manageable form, these authors 
have treated the Coulomb field in an 
incomplete manner: namely, the Coulomb 
potential was considered by Lewis and 
Forp in the Born approximation (see 
Fig. 1); whereas in the work of GoLp 


Za 
e e 
Za 
g + g 
N N 
SS N 
N N 
N ad 
S N 
K >= 
Sa \ 


Fig. 1. — Feynman diagrams taken in account 
by Lewis and FORD (g and e: respectively the 


«Fermi and electromagnetic coupling constants). 


(5) R. R. Lewis and G. W. Forp: Phys. 
Rev., 107, 756 (1957). 

(9) W. GoLp and L. SPRUCH: Phys. Rev. 
113, 1060 (1959). 


610 R. 
the f-electron was as- 
These 
spectrum 


and SPRUCH, 
sumed to be non-relativistic. 
authors’ results, about the 
of y rays emitted per §-decay, are 
slightly higher than the KUB ones 
but deviations from experimental data 
remain. 

At first sight, since the corrections 
in the 1-st order with respect to Zx 
appear to be rather small (compared 
to the deviations between the experi- 
mental data and theoretical 
one might expect that the higher order 
with respect to Zx in the Born series 
would be neghgible. In fact, for the 
Coulomb field Born approximation, only 
the first diagram of Fig. 1 gives rise to 
a significant contribution, the second 
one that the Coulomb 
corrections both for the radiative and 
non radiative 8-decay come only from 
the of the 
states and a partial cancellation occurs 
in the ratio of the two processes. Such 
a situation might not happen in the 
other terms of the Born series. 

In the work of GoLp and SPRUCH, 
the advantage of the more exact treat- 
ment of the Coulomb field is offset 
by the non relativistic treatment of the 
B-electrons. the y-ray 
energies maximum 
the energy 


results) 


vanishes, so 


modification final electron 


However, for 
the (i.e. 
range for which the non 
relativistic approximation is the most 
accurate) the G.S. values are larger 
than those of L.F.: this might be inter- 
preted as an indication of a non negligible 
contribution of the higher order terms. 

In the work reported here, we have 
tried a complete treatment of the 
Coulomb effects; so we were 
led to some mathematical complications 
due to 


close to 


nuclear 


1) the relativistic description of 
the Coulomb effects both in the inter- 
mediate and final electron states. 


2) the evaluation of the radial 
integrals. 
The first difficulties were overcome 


VINH-MAU 


by following the GLAUBER and MARTIN (7) 
method of dealing with Coulomb Green's 
function and a similar method of DELOFF 
for wave functions. Those methods 
allow use the standard Casimir 
technique for determining the transition 
probabilities. 

The difficulties related to the radial 
integrals arose from the fact that the 
integrand involved a product of a 
spherical Bessel’s function, a Whit- 
taker’s function JV", ,(7) and a confluent 
hypergeometric function, ,F#,(x, P; »). The 
origin of each is respectively the photon 
wave function, the intermediate electron 
Green’s function and the final electron 
wave function. With the help of a 
work done by ErpELYI and MEIJER (8) 
we succeeded in expressing these radial 
integrals in terms of Horn’s 3 variable 


us to 


hypergeometric series. These Horn’s 
generalized hypergeometric series ap- 


peared to be very convenient for the 
numerical applications. 


Applications to S%. Results. 


We have applied the formulas thus 
obtained to the case of S85. The nume- 
rical computations were performed by 
an I.B.M. 704 computer. The --ray 
spectrum per 6-decay: R(k), the y-ray 
circular polarization: P(k), as well as 
the angular correlations £-y have been 
derived. 

The results are shown in Tables I 
and II. We have included in Table I, 
for comparison, the results from Knipp 
and UHLENBECK and BLocH (K.U.B.), 
Lewis and Forp (L.F.), GoLp and 
SPRUCH (G.S.) and also the experimental 
results from STARFELT and SVANTESSON 
(S.S.) and Lancevin-Jorior (L.J.). 


(CORI GLAGBER andl PAG: 
Phys. Rev., 109, 1307 (1958). 

(8) A. ERDELYI: 
A02, 378 (1948). 


MARTIN: 


Proc. Roy. Soc. Edinburgh 
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TABLE I. — R(k): y-ray spectrum per B-decay (energy units: 


61I 


electron rest mass). 


Ik 0.05 0.10 0.15 0.20 0,25 «| 
3 | Las | 
Kee 326210 LUE LS 4h iho I)? ODIOSA 
CDR. < | 326-108 | 74-10 | 202-109 | 52106 | 08210 
ose COR gi ET) 
Mir Alu ne ke. Es a Rec 
V.M. 324: 107$ HOMO 24,2: 107° Gerba Ome 20 
SS. | 325108 | 92.105 | 305-106 | 81-10 | 120-10+ 
“LJ. | set | 148-105 | 50 «105 | 122-105 | — | 
TABLE II. — y-ray circular polarization P(k). 
k 0.05 01055) 0,15 0.20 O25) 
RSUSB 0.03 0.15 0.30 0.47 0.65 
pt saad > ne PEN ae 
dre Sere} ee eel E | = | 
V.M. 0.02 0.12 0.26 | 0.43 0.64 | 
From the results of Tables I, the the relativistic effects are approxi- 
following significant remarks may be mately 15% and may be more important 


pointed out: 


1) the Coulomb effects appear to 
be important in the radiative {-decay 
processes: namely at the end of the 
y-ray spectrum, the Coulomb corrections 
are comparable to the K.U.B. values; 


2) with respect to the L. F. results 
ours may be higher by about 30%. 
Therefore, the partial cancellation of 
the Coulomb effects in the ratio R(k) 
which was expected by L.F., seems to 
be ineffective in the higher order terms 
of the Born series; 


3) the non relativistic approx- 
imation for the electrons used by (G.S. 
is good only for k = 0.25; for k = 0.15, 


Uni 
= 
Le} 


ie Je USE 


4) by comparison with the exper- 
imental data, our results tend to reduce 
the diserepancy but are still much 
lower than the results due to LANGEVIN- 
JOLIOT. 


Finally it should be noted that large 
discrepancies exist between the STARFELT 
and SWANTESSON data and those from 
LANGEVIN-JOLIOT. 


Kk * 
The author is deeply grateful to 
Prof. R. Narar for suggesting this 


problem and for his continuous kind 
guidance. 


IL NUOVO CIMENTO 


Wien, SKI IN 8 


Further Remarks on the Proposed y-e Selection Rule. 


N. CaBIBBO and R. GarTO 


Istituti di Fisica delle Umiversità - Roma - Cagliari 
Laboratori Nazionali di Frascati del Comitato Nazionale per l'Energia Nucleare - Roma 


(ricevuto il 7 Gennaio 1961) 


In a recent paper published in the 
Phys. Rev. Lett. () we proposed a selec- 
tion rule that forbids transformations of 
u into e. We were led to postulating 
such a selection rule on the basis of the 
following formal argument. 

We assume that u and e have iden- 
tical interactions and they differ only 
in their rest mass. It can then be seen 
that, if electromagnetic interactions sat- 
isfy the requirement of minimality (2) 
and if weak interactions are neglected, 
there exists a symmetry property of the 
theory, that we called u-e symmetry, 


(1) N. CABIBBO and R. Garro: Phys. Rev. 
Lett., 5, 114 (1960); see also R. Garro: Proc. 
of the Annual Intern. Conf. on High Energy 
Physics (Rochester), p. 609. 

() The formal meaning of this requirement 
is that one can obtain the electromagnetie inter- 
actions by substituting 6/0xy, > dry ted y, 
in the original Lagrangian without electro- 
magnetic interactions. The minimality require- 
ment seems to be essential in the present 
theory of elementary particles. In particular 
it guarantees the conservation of strangeness 
in electromagnetic interactions. Theoretically 
it seems to be related to the condition of renor- 
malizability. In the axiomatic approach to field 
theory a limitation equivalent to minimality 
might be directly related to causality but 
to our knowledge no systematic investigation 
of this question has been carried out so far. 


related to an exchange of the two lepton 
fields that are necessary to describe u 
and e. We then found that in order to 
maintain the u-e symmetry also in a 
complete theory including weak inter- 
actions one has to postulate two neu- 
trinos, one coupled to the electron, »,, 
and one coupled to the muon, v,. This 
possibility of haying two neutrinos has 
been considered since a long time by 
different authors on various grounds (3). 
Experimentally it seems to be suggested 
from the absence of u —e+v (4), which 
should almost certainly be present if in 
u->e+v+v there is only one kind of 
neutrino. Now, it is known that to a 
symmetry property of the theory there 
corresponds, in general, a physical con- 
servation law. The conservation law 
corresponding to u-e symmetry is a 


(*) A, SALAM: Proc. of the Seventh Annual 
Conf. on High Energy Nuclear Physics, 1951 
(New York, 1957), p. 1x, 44; B. PONTECORVO: 
Zurn. Eksp. Teor. Fiz., 37, 1751 (1960); T. D. LEE 
and C. N. YANG: Phys. Rev. Lett., 4, 307 (1960). 

(4) D. BERLEY, J. LEE and M. BARDON: 
Phys. Rev. Lett., 2, 357 (1959). The experi- 
mental situation on the process w~+(nucleus)— 
—(nucleus) +e—, whose presence or absence is 
also directly related to the problem, seems 
rather confused at present (CONVERS! et al.: to 
be published; SARD et al.: to be published). 
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multiplicative conservation law that 
forbids transformations of u into e. 
More specifically, one assigns to each 
particle a multiplicative muonie quantum 
number X, according, for instance, to 


the assignment shown in Table I, and 


TABLE I 
ee» === si = 
particles | quantum | quantum 

| i | number Æ | number If 
na Ae de | © ] 
Una Vi, ST Ve Peper = 
Deen | OnE | +4 a. || 

| mesons, barions, y | 1 0 


one obtains that the only reactions that 
are permitted are those for which the 
product of the initial K values is equal 
to the product of the final Æ values. 
To the mesons, barions and photon we 
have assigned K=1, but we could have 
chosen instead KH—exp{li(x/2)N] where 
N is the nucleonic quantum number of 
the particle, without altering any phys- 
ical consequence, but only with a slight 
alteration of the formal argument leading 
to the postulated law. 

Besides the multiplicative conserva- 
tion law that we have discussed one can 
consider a more stringent additive con- 
servation law: to each particle there 
corresponds an additive muonie quantum 
number J/, sueh that, for instance 


E tHE 
IK == 90 i M ; 


and only those reactions are allowed for 
which the sum of the initial M values 
is equal to the sum of the final M values. 
Corresponding to our previous assign- 
ments of À one can assign values of M 
as in Table IL 

It is obvious that if the additive 
muonic conservation law is verified also 
the multiplicative law is verified. 

However if the multiplicative muonic 
conservation law is verified it does not 
follow that also the additive conservation 
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law is verified. It only follows that the 
difference AM between the sum of the 
initial M values and the sum of the 
final M values can only take the val- 
WES Oy See Se va Ario Ci) 

Odd AM are always forbidden be- 
cause of lepton conservation. AM= +2, 
+6, ete. are forbidden for both types of 
conservation laws, and this is sufficient 
to prevent reactions such as 


(ZO 


UNS===0==20 


u+(nucleus) + e+ (nucleus) , 


D OV ENV, T>U+VvV,, oto... 

Reactions with AM= +4, ete. 
are forbidden by the additive law, but 
they are allowed by the multiplicative 
law. Thus evidence for reactions like, 
for instance, 


+8, 


(1) Cts eu, 


CHOEUR EURE 
Vas (nucleus) + 


>v+e+ut+(nucleus) , 


would exclude the additive conservation 
law and be consistent with the multi- 
plicative conservation law. None of these 
reactions can occur by electromagnetic 
interactions alone and thus any evidence 
for them would be an evidence for some 
new mechanism, for instance of the kind 
we are considering. The reaction (1) 
is very interesting: it can occur as a 
charge exchange reaction in muonium 


(Ce ae Ue ) bound ~ (er =r U. ) bound * 


It has been studied theoretically by 
PontEcoRVvO (5), and by FEINBERG and 


(5) B. Pontecorvo: Zurn. Eksp. Teor. Fiz., 
Sos OL) (LOD). 
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WEINBERG (6). We refer to the work of 
these authors for further discussion. 

The reaction (2) might in principle 
be studied by colliding beam experi- 
ments of the type considered at Stan- 
ford (7), but out at a much 
higher energy or with higher intensity. 
A possible interaction of the type 


carried 


f= CET po) (ya; ay) : 
where 


a=3}(14y;) and a=3(1--y;), 
through Fierz re-ordering can be written 
in the form (we use the Majorana repre- 
sentation). 


P! = 2f( yy, ay®)( yor ap) i 


The section is then clearly 
isotropic in the ¢.m. system. The total 


cross section is given by 


Cross 


(9) G. FEINBERG and S. WEINBERG: private 
communication. See the discussion remark by 
FEINBERG after the paper by R. GATTO in Proc. 
of the 1960 Annual Intern. Conf. on High Energy 
Physics (Rochester), p. 609. 

(?) W. PaNOFSKY: Proc. of the 1960 Annual 
Intern. Conf. on High Energy Physics (Roche- 
ster), pi 769. 


where Æ is the e.m. energy of each col- 
liding electron and f is the muon velocity 
in the c.m. system. If, tentatively, we 
identify f with 484, where G is the 
weak coupling constant the cross section 
turns out to be 


Coin — 1.6710 (2/2 cm, 


where J/ is the nucleon mass. 

The final muons are polarized longi- 
tudinally. The value of the polariza- 
tion is 


where the upper sign holds for u*, the 
lower sign for u- 

The reaction (3) can occur through 
an interaction of the type 


L= 1079), 


together with the absorption of a virtual 
nuclear y-ray by one of the final charged 
leptons. An estimate of its cross section 
on lead gives 0.5-10-3? (E, in GeV)? em? 
where /, is the incident neutrino energy 
in the laboratory system. The rapid in- 
crease of the cross section with energy 
will perhaps make this process one of 
the more convenient to decide between 
the two possibilities of an additive or 
of a multiplicative muon electron selec- 
tion rule. 
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Recensioni. 


I. G. JONES and G. A. ATKINS — En- 
gineering thermodynamics, XVIII + 
+712 pp., J. Wiley and Sons, 
New York, 1960. 


Si tratta di un volume scritto per gli 
studenti della facolta di ingegneria. Sen- 
z’altro uno dei volumi più indovinati e 
rispondenti allo scopo che sia capitato 
di vedere in questa materia anche per 
gli studenti delle Universita italiane. 

La distribuzione della materia segue 
questo ordine. Dopo un capitolo sui con- 
cetti fondamentali e sulle definizioni e 
dopo un capitolo dedicato al I° princi- 
pio, vengono tre capitoli dedicati alle 
proprietà delle sostanze, diagrammi di 
stato, gas ideali, gas reali. Successiva- 
mente sono introdotti il secondo prin- 
cipio, i concetti di reversibilità e irrever- 
sibilità, temperatura termodinamica, en- 
tropia. Seguono altri capitoli sulle pro- 
prietà fisiche, energia utilizzabile, miscele 
di gas e vapori, la combustione, equi- 
librio chimico in reazioni di gas ideali, 
aspetti termodinamici del moto dei fluidi 
e macchine a fluido. 

Nell’ultima parte sono trattati argo- 
menti più applicativi: cicli a gas, cicli 
a vapore, refrigerazione. Gli ultimi due 
capitoli riguardano cenni su miscele bi- 
narie e sulla trasmissione del calore. 

La disposizione degli argomenti ri- 
sponde a un criterio più pedagogico che 
logico. L'intento di fare un’opera didat- 
tica è comunque chiaro in ogni pagina, 
Si noti l’insistenza con cui è distinto il 
sistema chiuso dal sistema aperto con 
deflusso continuo, la chiarezza con cui 
si sottolinea la differenza fra [pdv e 
— | vdp e il lavoro utile esterno netto nei 
processi irreversibili, la precisione dei va- 
ri esempi numerici completamente svolti 
che accompagnano lo sviluppo di ogni 
questione. 

Alla fine di ogni capitolo un cenno 
riassuntivo, una essenziale, ma precisa, 
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indicazione bibliografica e un gran nu- 
mero di problemi proposti (in tutto 700). 

Molti argomenti sono tralasciati (es.: 
effetto termoelettrico, relazioni di On- 
sager, ecc.), altri, quelli dell’ultima parte 
del volume e in particolare la trasmis- 
sione del calore sono trattati in modo ri- 
dotto e riassuntivo. Non si prescinde 
dalla necessità di trattazione ulteriore 
degli argomenti specifici nell’educazione 
dell’allievo ingegnere. Il volume porta 
infatti sottotitolo « An introduc- 
tory text book ». 


come 


G. MATTAROLO 


H. A. STROBEL — Chemical Instrumen- 
tation, 653 pp., Addison-Wesley 
Publishing Company Ine., Read- 
ing, Massachusetts (USA), 1960, 
Sao 


Nell’analisi chimica, soprattutto se 
quantitativa, si vanno sempre più dif- 
fondendo ed affermando tutta una serie 
di metodi fisici di misura e controllo, 
facenti uso di un’apparecchiatura varia 
e talora complessa. Questa che l’autore 
chiama la linea di sviluppo strumentale 
dell’analisi chimica e che si distacca 
talvolta notevolmente dalla linea tradi 
zionale, richiede a chi ne vuol utilizzare 
i sistemi una conoscenza precisa delle 
tecniche usate e dei principi su cui esse 
si basano, nonchè una discreta capacità 
di progettare l’apparecchiatura più adatta 
allo scopo prefissato, usando strumenti 
le cui caratteristiche di disegno e funzio- 
namento siano ben comprese e sfruttate. 

In questo volume della serie di chi- 
mica della Casa Editrice Addison-Wes- 
ley, l’autore, dott. H. A. STROBEL, si 
propone di fornire a quanti sono ingag- 
giati nella ricerca nel campo dell’analisi 
chimica quantitativa, appunto una tale 


vw 
al 
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conoscenza delle tecniche e dei principi 
dell’analisi strumentale. 

Nel primo capitolo vengono esaminati 
i criteri ed i concetti generali di proget- 
tazione ed uso di sistemi strumentali a 
più componenti. 

Il secondo capitolo è dedicato allo 
studio degli errori di misura, alla loro 
valutazione mediante le misure di pre- 
sisione, allo studio della propagazione 
degli errori nelle misure indirette. Con 
ciò si chiude la parte introduttiva gene- 
rale dell’opera. 

La seconda parte si occupa dei me- 
todi di analisi facenti uso di misure ot- 
tiche. 

I capitoli terzo e quarto vengono im- 
piegati per esporre i fondamenti fisici 
dell’ottica, e sono dedicati rispettiva- 
mente, il capitolo terzo, alla natura delle 
radiazioni elettromagnetiche ed alle loro 
interazioni con la materia, il capitolo 
quarto, ai fenomeni di interferenza e po- 
larizzazione, nonchè all’ottica geometrica. 

Il quinto capitolo si occupa della 
spettroscopia di emissione come tecnica 
analitica. Vi si studiano in dettaglio i 
metodi di eccitazione dei materiali da 
analizzare, gli spettrografi a prisma ed a 
reticolo, gli inerenti problemi di rivela- 
zione e registrazione, e le tecniche di pre- 
parazione dei campioni. Un esame degli 
strumenti, delle tecniche preparative, 
ecc., altrettanto completo viene riser- 
vato nel capitolo sesto alla fotometria 
di assorbimento ed alla spettrofotometria. 

Nel capitolo ottavo vengono prese in 
esame le tecniche fondate su misure di 
diffusione della luce e sull’impiego del- 
l’effetto Raman. 

Il capitolo nono è dedicato all’uso 
della misura dell’indice di rifrazione di 
un preparato come strumento analitico. 

La rotazione ottica ed i relativi appa- 
recchi di misura come mezzi di ricono- 


scimento e determinazione quantitativa” 


di sostanze, vengono studiati nel capi- 
tolo decimo. Questo capitolo conclude la 
seconda parte del libro. 

La terza parte è interamente dedicata 


all’esposizione dei metodi di analisi elet- 
trici. Anche ora come all’inizio della se- 
conda parte, i primi capitoli servono ad 
esporre le fondamentali nozioni di fisica 
e di elettronica, necessarie a ben capire 
i metodi e le apparecchiature descritte 
nel seguito. 

Più precisamente, il capitolo undice- 
simo tratta dei fenomeni elettrici in gene- 
rale e dei processi connessi con la migra- 
zione ionica in liquidi e gas. 

Il capitolo dodicesimo è dedicato al- 
l'esposizione dei primi fondamenti di 
elettronica, sia con circuiti impieganti 
diodi, triodi e pentodi termoionici, sia 
con i più recenti circuiti transistorizzati. 

Nel tredicesimo capitolo infine si af- 
fronta l’elettronica un po’ più avanzata 
degli amplificatori a corrente continua, 
degli oscillografi a raggi catodici, e dei 
circuiti integratori e differenziali. 

Nel capitolo quattordicesimo vengono 
esaminati i metodi analitici basati sulle 
misure di conduttività elettrica e di mo- 
bilità ionica in liquidi e gas. Vengono 
anche esaminati metodi di analisi dei 
gas fondati sulla misura della condutti- 
vità termica dei gas (il pretesto per par- 
larne nella parte dedicata alle misure 
elettriche sta nell'uso dei metodi elettrici 
impiegati per la determinazione della 
conduttività termica). 

Il capitolo quindicesimo si interessa 
dei metodi di analisi quantitativa fondati 
sulla misura della forza elettromotrice di 
opportune celle voltaiche. Importanza 
particolare fra questi metodi potenzio- 
metrici assumono i pH-metri, di cui è 
fatta una esauriente trattazione. 

Il capitolo sedicesimo è dedicato ai 
metodi polarografici, ed il diciassette- 
simo ai metodi elettrogravimetrici e coulo- 
metrici. Nei primi la variabile che viene 
osservata è la corrente ionica (che nei 
metodi potenziometrici era nulla o quasi), 
mentre nei secondi sì determina la quan- 
tità di elettricità passata attraverso la 
cella elettrolitica. In ciascun caso vien 
posto l'accento sulle apparecchiature usa- 
te e sulla loro progettazione. 
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Infine il capitolo diciottesimo è riser- 
alla trattazione dei sensibilissimi 
recenti metodi di analisi facenti uso di 
radioisotopi e delle svariate applicazioni 
dei radioisotopi come traccianti in chi- 


vato 


mica. 

Chiude il libro una serie di 24 com- 
plete descrizioni di misure che il lettore 
dovrebbe eseguire praticamente per eser- 
cizio. 

Il giudizio sul libro varia a seconda 
del punto di vista dal quale lo si consi- 
dera. Al lettore salta subito agli occhi 
l’eccesso di voler spiegare da capo fino 
i concetti più elementari di ottica o di 
elettricità nei capitoli introduttivi delle 
parti seconda e terza, mentre poi il vo- 
lume è diretto per esplicita dichiarazione 
dell’autore a studenti degli ultimi anni 
di chimica ed ai laureati in chimica che 
certe cose dovrebbero ben saperle! 

Peraltro l’esposizione è assai chiara e 
precisa ed il testo assai accurato. 

Come quadro d’insieme dei metodi 
strumentali usati nell’analisi chimica, il 
testo è completo ed utile soprattutto ai 
chimici in quanto riempie un vuoto ab- 
bastanza sentito nella letteratura didat- 
tica scientifica. 

Infine per i fisici italiani impegnati in 
qualche modo nell’insegnamento univer- 
sitario, può essere un utile invito a riflet- 
tere sulla opportunità di rivedere una 
parte dei programmi di esercizi di Fisica I 
e II generalmente impartiti ai chimici 
negli Istituti Universitari. 

F. GARA 


J. R. Reitz and F. J. Micro. 
Foundation of Electromagnetic 
Theory. Addison-Wesley Publ. 
Co., Inc. Reading, Mass., U.S.A., 


London, England (1960); $ 8.75. 


Non si può dire che manchino oggi 


libri di testo sui fondamenti dell’elet- 
tricità e del magnetismo per corsi 
universitari a carattere introduttivo, 


in particolare nella letteratura americana. 
Ma il fatto stesso che se ne continuino 
a pubblicare e che ciascuno di essi 
avanzi qualche pretesa di originalità nel- 
l’impostazione, fa pensare che questo 
campo non sia ancora da considerare 
del tutto sistemato dal punto di vista 
didattico. Ciò si comprende, del resto, 
se si considera che la decisione relati- 
vamente recente di adottare il sistema 
Giorgi razionalizzato, in luogo dei mol- 
teplici ed ibridi sistemi in uso, ha fatto 
sorgere dei problemi didattici e con- 
cettuali ben più delicati di quanto non 
si sarebbe forse previsto per un semplice 
cambiamento di unità di misura. 

Il volume sotto gli 
occhi si ad «advanced under- 
graduate students in science», per i 
quali è presupposta una conoscenza 
qualitativa della fisica atomica, ed una 
preparazione 
ritenere 


che abbiamo 
rivolge 


matematica che si può 
corrispondente a quella del 
nostro primo biennio. Il cap. I richiama, 
del resto, in forma accessibile anche a 
chi non ne avesse precedente nozione, 
le principali nozioni dell’algebra e del- 
l’analisi vettoriale. 

Il cap. IT, sull’elettrostatica, contiene, 
oltre alle relazioni usuali, uno sviluppo 
del potenziale di una distribuzione ge- 
nerica di cariche in termini di multi- 
poli. Il cap. III tratta principalmente 
delle soluzioni dell'equazione di Laplace 
con diversi sistemi di 
diverse condizioni al 


coordinate e 
contorno: for- 
nendo degli esempi di applicazione dei 
metodi della fisica matematica classica. 
Una trattazione relativamente ampia del 
campo elettrostatico nei mezzi dielet- 
trici, e dei problemi connessi, nei 
cap. IV, V e VI, trattazione basata 
sulle conoscenze attuali della costitu- 
zione dei dielettrici, prepara il terreno 
al successivo studio delle 
magnetiche della materia. 

Il vettore induzione magnetica B 
viene definito, nel cap. VIII, per mezzo 
dell'espressione della forza di Lorentz 
su una carica in moto. Da essa si risale, 


proprietà 
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attraverso al teorema della circuita- 
zione di Ampère, alla definizione di 
potenziale vettore. Dopo il cap. IX, 
sull’induzione elettromagnetica, seguono 
tre capitoli sulle proprietà magnetiche 
della materia, e problemi connessi. Il 
resto del volume tratta delle correnti 
variabili, equazioni di Maxwell ed appli- 
cazioni alla propagazione delle onde, 
per concludere con una breve introdu- 
zione allo studio dell’irraggiamento da 
una carica in moto accelerato. Un capi- 
tolo è pure inserito, che tratta, in modo 
necessariamente sommario, la fisica dei 
plasmi. 

L'impostazione è nettamente mate- 
matica, senza riferimento diretto ad 
esperienze o dispositivi di misura. È 
fatto uso sistematico degli operatori e 
dei metodi dell’analisi vettoriale, in 
particolare per la dimostrazione dei 
teoremi. Le deduzioni sono per lo più 
complete e rigorose a partire dai prin- 
cipi fondamentali. La trattazione vet- 
toriale consente tuttavia una notevole 
concisione senza scapito della chiarezza. 
Solo qua e là la preoccupazione della 
brevità ha indotto gli A. a contentarsi 
di affermazioni dogmatiche, o di cenni 
eccessivamente sommari: per es. nella 
trattazione del campo molecolare in un 
dielettrico, e più ancora in quella della 
conduzione metallica. Altri argomenti 
sono del tutto omessi: per es. i semi- 
conduttori sono appena nominati, insie- 
me con gli elettroliti. 

In questo, come del resto anche 
in altri testi, la costante dielet- 
trica del vuoto e, viene introdotta, 
nel paragrafo sulla legge di Coulomb, 
attraverso il valore numerico appros- 
simato 8.854:10712 coul?/n*m?, senza in- 
dicare che ciò corrisponde a 107/47 e? = 
= l/u,c2. La relazione di & con la 


velocità della luce c non appare chiara,., 


neppure nell’appendice I, che pure si 
propone esplicitamente la « definizione 
logica delle unità del sistema MKS ». 
Essa è citata soltanto nel paragrafo 
sulla propagazione delle onde. Sembra 
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allo scrivente che il prezzo che si paga 
nel sistema Giorgi con la introduzione 
delle costanti e, e 4%, sia giustificato 
soltanto quando si faccia apparire chia- 
ramente il significato fisico di esse, 
come costanti che insieme condizionano 
la propagazione delle perturbazioni elet- 
tromagnetiche attraverso lo spazio vuoto. 

Ma, del resto, la caratteristica di 
questo libro è proprio quella di mirare 
ad una esposizione concisa e rigorosa, 
soddisfacente dal punto di vista logico, 
più che a mettere in chiaro l’aspetto 
fisico delle questioni. Come già abbiamo 
detto, esso realizza bene, in massima, 


questo scopo. Una buona scelta di 
problemi, alla fine di ogni capitolo, 
aiuta ad approfondire gli argomenti 


trattati nel testo. 
A. ROSTAGNI 


H. B. CALLEN — Thermodynamics, 
376 pag., J. Wiley and Son, 
New York, 1960. $ 8.75 


Professor Callen’s textbook has been 
written as an introduction to thermo- 
dynamics for advanced undergraduate 
and first year graduate students. The 
mathematical equipment required is the 
standard elementary calculus plus a 
few special topics treated either in the 
text itself or in appendices. 

The author has taken a postulational 
approach to his subject and gives the 
credit for its conception to Profes- 
sor Lazslo Tisza. He adopts a set of 
basic postulates concerning the 
existence of equilibrium states and the 
existence and properties of the entropy 
function, justifying them on the basis 
of intuition, experimental results and in 
an appendix, a qualitative statistical 
discussion. The mathematical devel- 
opment is then straightforward with 
an emphasis on theoretical principles 
to the exclusion of descriptions of 
apparatus and experimental detail. 
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Some special features of this pres- 
entation are the following: The dif- 
ferences and relations between extensive 
and intensive, dependant and indepen- 
dant variables, often a confusing affair for 
beginning students, are explained in a 
particularly clear manner. The method 
of Legendre transformations is used to 
introduce the thermodynamic potentials 
whose properties and special uses are 
well described. The extensive chapter 
on phase transitions is preceeded and 
well introduced by a chapter on the 
stability of thermodynamic systems. 

The most interesting feature of 
this book, however, is the inclusion of 
several topics hardly touched on into 
the standard texts. These subjects are 
Tisza’s theory of second order phase 
transitions, the theory of fluctuations, 
and irreversible thermodynamics. They 
are well handled in the limited space 
allowed and are very welcome in a 
basic thermodynamics course. Professor 
Callen does not present his own contri- 
butions to irreversible thermodynamics 
but for sake of brevity restricts the 
discussion to the Onsager reciprocity 
theorem. This is then applied in a 
succeeding chapter to the thermoelectric 
and thermomagnetic effects. 

As an introduction to thermodynam- 
ics, however, this textbook has disad- 
vatages as well as advantages. When 
the author gave up the traditional 
method of presentation of his subject 


LIBRI RICEVUTI E RECENSIONI 


he also abandoned to a large degree a 
coherent description of its historical 
development. References to the men 
who made the important contributions 
to thermodynamics and appreciations of 
their work are very brief and in some 
cases absent. 

One other criticism 
chapters on applications. These are 
extremely condensed and though the 
usual formulae and approximations are 
derived, there are almost no comparisons 
with experimental results. The reasons 
for the success or failure of various 
treatments of the phenomena discussed 
and the important problems remaining 
are not mentioned; a fault, it seems 
to me, in a book otherwise so well 
designed to prepare and stimulate a 
student for research. This would have 
expanded the book somewhat beyond 
its present compact 370 pages but 
would certainly have been worthwhile. 

To sum up: Professor Callen has 
written a modern textbook in thermo- 
dynamics for the serious student in 
physies. Because of its compactness 
and strict concentration on theoretical 
principles it makes strong demands on 
both the student and the teacher. In 
my opinion the author has been success- 
ful in his attempt to clarify both the 
underlying physical principles and the 
mathematical development of his subject 
by use of the postulational approach. 
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